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parameter estimator?” There may be no answer to this question if an ana-
lytic analysis is too cumbersome and the measurements sample is too small.
The statistical bootstrap, an elegant solution, re-uses the original data with
a computer to re-estimate the parameters and infer their accuracy.

This book covers the foundations of the bootstrap, its properties, its strengths,
and its limitations. The authors focus on bootstrap signal detection in
Gaussian and non-Gaussian interference as well as bootstrap model selec-
tion. The theory presented in the book is supported by a number of useful
practical examples written in Matlab.

The book is aimed at graduate students and engineers, and includes ap-
plications to real-world problems in areas such as radar, sonar, biomedical
engineering and automotive engineering.
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Preface

The bootstrap genesis is generally attributed to Bradley Efron. In 1977 he
wrote the famous Rietz Lecture on the estimation of sampling distributions
based on observed data (Efron, 1979a). Since then, a number of outstanding
and nowadays considered classical statistical texts have been written on the
topic (Efron, 1982; Hall, 1992; Efron and Tibshirani, 1993; Shao and Tu,
1995), complemented by other interesting monographic exposés (LePage and
Billard, 1992; Mammen, 1992; Davison and Hinkley, 1997; Manly, 1997;
Barbe and Bertail, 1995; Chernick, 1999).

Efron and Tibshirani (1993) state in the Preface of their book Our goal in
this book is to arm scientists and engineers, as well as statisticians, with
computational techniques that they can use to analyze and understand com-
plicated data sets. We share the view that Efron and Tibshirani (1993) have
written an outstanding book which, unlike other texts on the bootstrap,
is more accessible to an engineer. Many colleagues and graduate students
of ours prefer to use this text as the major source of knowledge on the
bootstrap. We believe, however, that the readership of (Efron and Tibshi-
rani, 1993) is more likely to be researchers and (post-)graduate students in
mathematical statistics than engineers.

To the best of our knowledge there are currently no books or monographs
on the bootstrap written for electrical engineers, particularly for signal pro-
cessing practitioners. Therefore the decision for us to fill such a gap. The
bootstrap world is a great one and we feel strongly for its discovery by en-
gineers. Our aim is to stimulate interest by engineers to discover the power
of bootstrap methods. We chose the title Bootstrap Techniques for Signal
Processing not only because we work in this discipline and because many of
the applications in this book stem from signal processing problems, but also
owing to the fact that signal processing researchers and (post-)graduate stu-
dents are the more likely engineers to use the book. In particular, we would
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x Preface

like to reach researchers and students in statistical signal processing such as
those working on problems in areas that include radar, sonar, telecommuni-
cations and biomedical engineering.

We have made every attempt to convey the “how” and “when” to use
the bootstrap rather than mathematical details and proofs. The theory of
the bootstrap is well established and the texts mentioned above can give
the necessary details if the reader so wishes. We have included at least one
example for every introduced topic. Some of the examples are simple, such
as finding a confidence interval for the mean. Others are more complicated
like testing for zero the frequency response of a multiple-input single-output
linear time-invariant system.

It was difficult to decide whether we should include Matlab† codes for
the examples provided. After some deliberation, and given the fact that
many graduate students and researchers ask for Matlab codes to reproduce
published results, we decided to include them. We have also provided a
Matlab toolbox which comprises frequently used routines. These routines
have been purposely written for the book to facilitate the implementation
of the examples and applications. All the Matlab routines can be found in
the Appendices.

A few tutorial papers on the bootstrap for signal processing exist. The in-
terested readers can refer to the work of Zoubir (1993); Zoubir and Boashash
(1998), and Zoubir (1999).

We are grateful to our colleagues Hwa-Tung Ong, Ramon Brcich, and
Christopher Brown for making very helpful comments and suggestions on
the manuscript. Additional words of thanks are for Hwa-Tung Ong for his
help in the development of the Bootstrap Matlab Toolbox. We would like
to thank our current and past colleagues and graduate students who con-
tributed directly or indirectly to the completion of the book. In particular,
we would like to thank Johann Böhme, Don Tufts, David Reid, Per Pelin,
Branko Ristic, Jonathon Ralston, Mark Morelande, Said Aouada, Amar
Abd El-Sallam and Luke Cirillo. The authors are grateful to all honours
and PhD students and colleagues of the Communications and Signal Pro-
cessing Group at Curtin University of Technology in Perth, Australia and
special thanks are due to Tanya Vernon for her continued support to the
group.

Many government agencies and industries supported our research on the
bootstrap over the years. Thanks are due to Boualem Boashash at Queens-
land University of Technology and John Hullett and Zigmantas Budrikis at

† Matlab is a registered trademark of The MathWorks, Inc.
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Curtin University of Technology. The data from the JINDALEE over-the-
horizon radar system was provided by the Defence Science and Technology
Organisation (DSTO) in Edinburgh, South Australia. Special thanks are
due to Stuart Anderson and Gordon Frazer for their generous support. The
data from the GPR system was also collected at the DSTO in Edinburgh,
South Australia. Words of gratitude are for Ian Chant and Canicious Abey-
nayake for their support with the landmine project. Zoubir acknowledges
the financial support of the Australian Research Council. We also thank
Michael Collins from the Centre for Eye Research at Queensland University
of Technology for his support and encouragement during the preparation of
this book. The encouragement of Phil Meyler from the Cambridge Univer-
sity Press is also gratefully acknowledged.

We thank our families, wives and children for their support, understanding
and love. Without their patience this work could not be completed.

Last, we wish to refer the reader to a recent exposition by Bradley Efron
(2002) on the role of bootstrap methods in modern statistics and wish the
reader a “happy bootstrapping”.



Notations

This list gives in alphabetical order the symbols that are frequently used
throughout this book. Special notation that is used less frequently will be
defined as needed.

General notation

A scalar
A column vector or matrix
A′ transpose of a vector or a matrix A

A complex conjugate of a vector or a matrix
AH Hermitian operation (transpose and complex conjugate) on a vector or a

matrix
A−1 inverse of a matrix
‖A‖ Euclidean vector norm
|A| magnitude of A

�A� largest integer ≤ A

�A� largest integer ≥ A

Â estimator or estimate of A

j imaginary unit, j2 = −1
E expectation operator

mod modulo operator
Prob probability

Prob∗ probability conditioned on observed data
tanh hyperbolic tangent

var variance operation

xii



Notations xiii

Latin symbols

cXX(t) covariance function of a stationary signal Xt

CXX(ω) spectral density of a stationary signal Xt

F distribution function
h kernel width or bandwidth
I identity matrix

IXX(ω) periodogram of an observed stationary signal Xt

k discrete frequency parameter
K(·) kernel function

n size of a random sample
N (µ, σ2) Gaussian distribution with mean µ and variance σ2

o(·) order notation: “of smaller order than”
O(·) order notation: “of the same order as”
PD probability of detection
PF probability of false alarm
R the set of real numbers
t discrete or continuous time index

tn t-distribution with n degrees of freedom
Tn test statistic

U(a, b) uniform distribution over [a, b].
Xt random signal
X random sample
X ∗ bootstrap resample of X

Z the set of integers

Greek symbols

α level of significance
δ(·) Kronecker’s delta function
χ2

n chi-square distribution with n degrees of freedom
Γ mean-square prediction error
θ parameter
µ mean
τ time delay or lag

σ2 variance
Φ(x) standard Gaussian distribution function

ω radial frequency



xiv Notations

Acronyms

AIC Akaike information criterion
AR autoregression

CDF cumulative distribution function
CFAR constant false alarm rate
CFD central finite difference
FIR finite impulse response

GPR ground penetrating radar
GPS global positioning system
HF high frequency
IF instantaneous frequency
iid independent and identically distributed

MDL minimum distance length (criterion)
MISO multiple input single output
MLE maximum likelihood estimator/estimation
ROC receiver operating characteristic
SNR signal-to-noise ratio
SRB sequentially rejective Bonferroni (procedure)

UMP uniformly most powerful (test)
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Introduction

Signal processing has become a core discipline in engineering research and
education. Many modern engineering problems rely on signal processing
tools. This could be either for filtering the acquired measurements in order to
extract and interpret information or for making a decision as to the presence
or absence of a signal of interest. Generally speaking, statistical signal
processing is the area of signal processing where mathematical statistics is
used to solve signal processing problems. Nowadays, however, it is difficult
to find an application of signal processing where tools from statistics are not
used. A statistician would call the area of statistical signal processing time
series analysis.

In most statistical signal processing applications where a certain parame-
ter is of interest there is a need to provide a rigorous statistical performance
analysis for parameter estimators. An example of this could be finding the
accuracy of an estimator of the range of a flying aircraft in radar. These
estimators are usually computed based on a finite number of measurements,
also called a sample. Consider, for example, a typical radar scenario, in
which we aim to ascertain whether the received signal contains information
about a possible target or is merely interference. The decision in this case,
based on calculating the so-called test statistic, has to be supported with
statistical measures, namely the probability of detection and the probability
of false alarm. Such a decision can be made if the distribution of the test
statistic is known in both cases: when the received signal contains target
information and when the target information is absent.

Another important problem in signal processing is to make certain proba-
bility statements with respect to a true but unknown parameter. For exam-
ple, given some estimator of a parameter, we would like to determine upper
and lower limits such that the true parameter lies within these limits with

1



2 Introduction

a preassigned probability. These limits constitute the so-called confidence
interval (Cramér, 1999).

Two main questions arise in a parameter estimation problem. Given a
number of measurements and a parameter of interest:

(i) What estimator should we use?

(ii) Having decided to use a particular estimator, how accurate is it?

A signal processing practitioner would first attempt to use the method
of maximum likelihood or the method of least squares to answer the first
question (Scharf, 1991; Kay, 1993). Having computed the parameter esti-
mate, its accuracy could be measured by the variance of the estimator or
a confidence interval for the parameter of interest. In most cases, however,
techniques available for computing statistical characteristics of parameter
estimators assume that the size of the available set of samples is sufficiently
large, so that asymptotic results can be applied. Techniques that invoke
the Central Limit Theorem and the assumption of Gaussianity of the noise
process are examples of such an approach (Bhattacharya and Rao, 1976;
Serfling, 1980).

Let us consider an example where we are interested in finding the 100α,
0 < α < 1, percent confidence interval for the power spectral density of a sta-
tionary real-valued signal, given a finite number of observations. If we were
to assume that the number of observations is large, we would use an asymp-
totic approach so that the spectral density estimates at distinct frequencies
could be considered independent with a limiting scaled χ2 distribution.

Let us mathematically formalise this problem. Assume X1, . . . , Xn to be
a finite set of observations from a real-valued, strictly stationary signal Xt,
t ∈ Z, with mean zero and a finite variance. Define the spectral density of
Xt by

CXX(ω) =
1

2 π

∞∑

τ=−∞
E
[
Xt Xt−|τ |

]
e−j ω τ , (1.1)

where E[·] denotes expectation, and let

IXX(ω) =
1

2πn

∣
∣
∣
∣
∣

n∑

t=1

Xt e−j ω t

∣
∣
∣
∣
∣

2

, −π < ω ≤ π, (1.2)

denote the periodogram of the sample (Brillinger, 1981; Marple Jr, 1987).
Consider estimating the spectral density CXX(ω) by a kernel spectral
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density estimate (the smoothed periodogram), given by

ĈXX(ω; h) =
1

n h

M∑

k=−M

K

(
ω − ωk

h

)

IXX(ωk), −π < ω ≤ π, (1.3)

where the kernel K(·) is a symmetric, nonnegative function on the real line,
h is its bandwidth, and M is the largest integer less than or equal to n/2.
Let the discrete frequencies ωk be given by

ωk = 2 π k/n, −M ≤ k ≤M .

A variety of kernels can be used in Equation (1.3) but let us choose the
Bartlett-Priestley window (Priestley, 1981, p. 444) for K(·). Given the
estimate of the power spectral density (1.3), one can approximate its distri-
bution asymptotically, as n→∞ by

CXX(ω)χ2
4 m+2/(4 m + 2),

where m = �(hn − 1)/2�, �·� denotes the floor operator and χ2
4 m+2 is the

χ2 distribution with 4m + 2 degrees of freedom. This leads to the following
100α percent confidence interval (Brillinger, 1981)

(4 m + 2) ĈXX(ω; h)

χ2
4 m+2

(
1 + α

2

) < CXX(ω) <
(4 m + 2) ĈXX(ω; h)

χ2
4 m+2

(
1− α

2

) , (1.4)

where χ2
ν(α) denotes a number such that the probability

Prob
[
χ2

ν < χ2
ν(α)

]
= α .

The analytical result in (1.4) is pleasing, but it assumes that n is suffi-
ciently large so that ĈXX(ω1), . . . , ĈXX(ωM ) are independent χ2 random
variables. In many signal processing problems, as will be seen throughout
the book, large sample methods are inapplicable. This is either because
of time constraints or because the signal of interest is non-stationary and
stationarity can be assumed over a small portion of data only.

There are cases where small sample results, obtained analytically, do ex-
ist (Shenton and Bowman, 1977; Field and Ronchetti, 1990). However, more
often it is the case that these results cannot be attained and one may have
to resort to Monte Carlo simulations (Robert and Casella, 1999). We will
recall the problem of estimating the 100α percent confidence interval for
power spectral densities in Chapter 2, where a bootstrap-based solution is
described.

The bootstrap was introduced by Bradley Efron (1979a,b, 1981, 1982)
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more than two decades ago, mainly to calculate confidence intervals for pa-
rameters in situations where standard methods were not applicable (Efron
and Gong, 1983). An example of this would be a situation where the number
of observations is so small that asymptotic results are unacceptably inac-
curate. Since its invention, the bootstrap has seen many more applications
and has been used to solve problems which would be too complicated to
be solved analytically (Hall, 1992; Efron and Tibshirani, 1993). Before we
continue, let us clarify several questions that we have been frequently asked
in the past.

What is the bootstrap? Simply put, the bootstrap is a method which does
with a computer what the experimenter would do in practice if it were pos-
sible: they would repeat the experiment. With the bootstrap, a new set of
experiments is not needed, instead, the original data is reused. Specifically,
the original observations are randomly reassigned and the estimate is re-
computed. These assignments and recomputations are done a large number
of times and considered as repeated experiments. One may think that the
bootstrap is similar to Monte Carlo simulations. However, this is not the
case. The main advantage of the bootstrap over Monte Carlo simulations is
that the bootstrap does not require the experiment to be repeated.

From a data manipulation point of view, the main idea encapsulated by
the bootstrap is to simulate as much of the “real world” probability mech-
anism as possible, substituting any unknowns with estimates from the ob-
served data. Through the simulation in the “bootstrap world”, unknown
entities of interest in the “real world” can be estimated as indicated in Fig-
ure 1.1. The technical aspects of such simulation are covered in the next
chapter.

Why is the bootstrap so attractive? The bootstrap does not make the
assumption of a large number of observations of the signal. It can answer
many questions with very little in the way of modelling, assumptions or
analysis and can be applied easily. In an era of exponentially declining
computational costs, computer-intensive methods such as the bootstrap are
becoming a bargain. The conceptual simplicity of bootstrap methods can
sometimes undermine the rich and difficult theory upon which they are
based (Hall, 1992; Shao and Tu, 1995). In the next chapter, we will provide
a review of the bootstrap theory in a manner more accessible to signal
processing practitioners.

What can I use the bootstrap for? In general, the bootstrap is a method-
ology for answering the question we posed earlier, that is, how accurate is
a parameter estimator? It is a fundamental question in many signal pro-
cessing problems and we will see later how one, with the bootstrap, can
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Estimated

probability

model
data

Observed

X = {X1, X2, . . . , Xn}

Statistic

of interest

θ̂ = s(X )

Unknown

probability

model
sample

Bootstrap

Bootstrap

replication

F̂F

θ̂∗ = s(X∗)

BOOTSTRAP
WORLD

REAL WORLD

X∗ = {X∗
1 , X∗

2 , . . . , X∗
n}

Fig. 1.1. The bootstrap approach, adapted from Efron and Tibshirani (1993,
Fig. 8.3). See Chapter 2 for a technical interpretation of this figure.

solve many more problems encountered by a signal processing engineer to-
day, for example, signal detection. This text will also provide an answer to
the question regarding the choice of an estimator from among a family of
estimators using the bootstrap. We briefly discuss this topic in Chapter 5,
where we consider the optimisation of trimming for the trimmed mean in a
radar application (see also the work of Léger et al. (1992), for example).

Is the bootstrap always applicable? Theoretical work on the bootstrap
and applications have shown that bootstrap methods are potentially supe-
rior to large sample techniques. A danger, however, does exist. The signal
processing practitioner may well be attracted to apply the bootstrap in an
application to avoid the use of methods that invoke strong assumptions, such
as asymptotic theory, because these are judged inappropriate. But in this
case the bootstrap may also fail (Mammen, 1992; Young, 1994). Special
care is therefore required when applying the bootstrap in real-life situa-
tions (Politis, 1998). The next chapter provides the fundamental concepts
and methods needed by the signal processing practitioner to decide when
and how to apply the bootstrap successfully.

Applications of bootstrap methods to real-life engineering problems have
been reported in many areas, including radar and sonar signal processing,
geophysics, biomedical engineering and imaging, pattern recognition and
computer vision, image processing, control, atmospheric and environmental
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research, vibration analysis and artificial neural networks. In almost all these
fields, bootstrap methods have been used to approximate the distribution of
an estimator or some of its characteristics. Let us list in no particular order
some of the bootstrap engineering applications that we found interesting.

Radar and sonar: The bootstrap has been applied to radar and sonar
problems for more than a decade. Nagaoka and Amai (1990, 1991) discuss
an application in which the distribution of the estimated “close approach
probability” is derived to be used as an index of collision risk in air traffic
control. Hewer et al. (1996) consider a wavelet-based constant false alarm
rate (CFAR) detector in which the bootstrap is used to derive the statistics
of the detector from lexicographically ordered image vectors. Anderson and
Krolik (1998a,b, 1999) use the bootstrap in a hidden Markov model approx-
imation to the ground range likelihood function in an over-the-horizon radar
application.

Ong and Zoubir (1999a,b, 2000b, 2003) consider bootstrap applications
in CFAR detection for signals in non-Gaussian and correlated interference,
while Zoubir et al. (1999) apply bootstrap methods to the detection of land-
mines. Böhme and Maiwald (1994) apply bootstrap procedures to signal
detection and location using sensor arrays in passive sonar and to the anal-
ysis of seismic data.

Krolik et al. (1991) use bootstrap methods for evaluating the performance
of source localisation techniques on real sensor array data without precise
a priori knowledge of true source positions and the underlying data distri-
bution (see also (Krolik, 1994)). Reid et al. (1996) employ bootstrap based
techniques to determine confidence bounds for aircraft parameters given only
a single acoustic realisation, while Bello (1998) uses the bootstrap to cal-
culate cumulative receiver operating characteristic (ROC) curve confidence
bounds for sets of side-scan sonar data.

Geophysics: A similar interest in bootstrap methods has taken place in
geophysics. Fisher and Hall (1989, 1990, 1991) apply the bootstrap to the
problem of deciding whether or not palaeomagnetic specimens sampled from
a folded rock surface were magnetised before or after folding occurred. They
conclude that the bootstrap method provides the only feasible approach in
this common palaeomagnetic problem. Another application of bootstrap
methods in palaeomagnetism has been reported by Tauxe et al. (1991).
Kawano and Higuchi (1995) estimate with the bootstrap the average com-
ponent in the minimum variance direction in space physics.
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Ulrych and Sacchi (1995) propose an extended information criterion based
on the bootstrap for the estimation of the number of harmonics actually
present in geophysical data. Later, Sacchi (1998) uses the bootstrap for
high-resolution velocity analysis.

Lanz et al. (1998) perform quantitative error analyses using a bootstrap
technique while determining the depth and geometry of a landfill’s lower
boundary. Mudelsee (2000) uses bootstrap resampling in ramp function
regression for quantifying climate transitions, while Rao (2000) uses the
bootstrap to assess and improve atmospheric prediction models.

Biomedical engineering: Biomedical signal and image processing has
been another area of extensive bootstrap applications. Haynor and Woods
(1989) use the bootstrap for estimating the regional variance in emission
tomography images. Banga and Ghorbel (1993) introduce a bootstrap sam-
pling scheme to remove the dependence effect of pixels in images of the
human retina. Coakley (1996) computes bootstrap expectation in the re-
construction of positron emission tomography images. Locascio et al. (1997)
use the bootstrap to adjust p-values in multiple significance tests across pix-
els in magnetic resonance imaging. Maitra (1998) applies the bootstrap in
estimating the variance in parametric biomedical images. Verotta (1998)
investigates the use of the bootstrap to obtain the desired estimates of vari-
ability of system kernel and input estimates, while Bullmore et al. (2001)
use bootstrap based techniques in the time and wavelet domains in neu-
rophysiological time series analysis. Another interesting application of the
bootstrap is reported by Iskander et al. (2001) where it is used to find the op-
timal parametric model for the human cornea. Recently, Chen et al. (2002)
have employed the bootstrap for aiding the diagnosis of breast cancer in
ultrasound images.

Image processing: Bootstrap methods have been widely applied in im-
age processing, pattern recognition and computer vision. Jain et al. (1987)
apply several bootstrap techniques to estimate the error rate of nearest-
neighbour and quadratic classifiers. Hall (1989b) calculates confidence re-
gions for hands in degraded images. Archer and Chan (1996) apply the boot-
strap to problems in blind image restoration where they calculate confidence
intervals for the true image. Cabrera and Meer (1996) use the bootstrap to
eliminate the bias of estimators of ellipses, while Saradhi and Murty (2001)
employ the bootstrap technique to achieve higher classification accuracy in
handwritten digit recognition.
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Control: Bootstrap methods have found applications in statistical control.
Dejian and Guanrong (1995) apply bootstrap techniques for estimating the
distribution of the Lyapunov exponent of an unknown dynamic system using
its time series data. Seppala et al. (1995) extend the bootstrap percentile
method to include a series of subgroups, which are typically used in assessing
process control limits. They show that the method achieves comparatively
better control limit estimates than standard parametric methods. Ming and
Dong (1997) utilise the bootstrap to construct a prediction interval for fu-
ture observations from a Birnbaum–Saunders distribution that is used as a
failure time model. Jones and Woodall (1998) use the bootstrap in control
chart procedures, while Aronsson et al. (1999), apply bootstrap techniques
to control linear stochastic systems. They derive the optimal future control
signal so that the unknown noise distribution and uncertainties in parameter
estimates are taken into account. Recently, Tjärnström and Ljung (2002)
have used the bootstrap to estimate the variance of an undermodelled struc-
ture that is not flexible enough to describe the underlying control system
without the need for Monte Carlo simulations.

Environmental engineering: Bootstrap techniques have found several
applications in atmospheric and environmental research. Hanna (1989) uses
the related jackknife procedure and the bootstrap for estimating confidence
limits for air quality models. The resampling procedures have been ap-
plied to predictions by a number of air quality models for the Carpentaria
coastal dispersion experiment. Downton and Katz (1993) use the bootstrap
to compute confidence intervals for the discontinuity in variance of temper-
ature time series, while Krzyscin (1997) infers about the confidence limits of
the trend slope and serial correlation coefficient estimates for temperature
using the bootstrap.

Artificial neural networks: Bootstrap techniques have also been applied
in the area of artificial neural networks. Bhide et al. (1995) demonstrate the
use of bootstrap methods to estimate a distillation process bottoms’ compo-
sition. Tibshirani (1996) discusses a number of methods for estimating the
standard error of predicted values from a multilayered perceptron. He finds
that bootstrap methods perform best, partly because they capture variabil-
ity due to the choice of starting weights. LeBaron and Weigend (1998) use
the bootstrap to compare the uncertainty in the solution stemming from the
data splitting with neural-network specific uncertainties in application to fi-
nancial time series. Franke and Neumann (2000) investigate the bootstrap
methods in the context of artificial neural networks used for estimating a
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mapping from an input to an output space. Dupret and Koda (2001) use
the bootstrap in neural network based supervised learning to correctly learn
a classification problem while White and Racine (2001) employ bootstrap
techniques to permit valid statistical inference based on estimated feedfor-
ward neural-network models. Recently, Papadopoulos et al. (2001) have
performed a comparative analysis of confidence estimation methods for neu-
ral networks, including the bootstrap.

Other signal processing related areas: Zoubir and Böhme (1995) ap-
ply bootstrap techniques to construct multiple hypotheses tests for find-
ing optimal sensor locations for knock detection in spark ignition engines.
Bootstrap techniques have also been applied to non-stationary data analy-
sis. Zoubir et al. (1994a) use the bootstrap to determine confidence bounds
for the instantaneous frequency. The concept was followed by Kijewski and
Kareem (2002) to the estimation of structural damping. Abutaleb (2002)
considers the bootstrap in phase unwrapping and the estimation of time-
varying frequency. Other signal processing applications of the bootstrap
can be found in the proceedings of ICASSP-94 Special Session (1994), see
also Hero (1996).

This list is by no means complete. Areas such as medicine, pharmacy, chem-
istry, metrology, nuclear technology, econometrics and financial engineering
routinely use bootstrap methods in their statistical analyses.

Also, the list does not include applications of the jackknife such as the
work by Thomson and Chave (1991), where the authors approximate confi-
dence intervals for spectra, coherences, and transfer functions for diverse geo-
physical data. Also, we have not included applications of recent bootstrap
derivatives such as the weighted bootstrap (Barbe and Bertail, 1995; Burke,
2000), subsampling techniques (Politis et al., 1999), the smoothed bootstrap
(De Angelis and Young, 1992; Guera et al., 1997; Hall and Maesono, 2000),
or importance resampling (Hall, 1989a; Do and Hall, 1991; Booth et al.,
1993). We will not cover these variants of the bootstrap in the book be-
cause we feel that each of these areas deserves a monograph of its own. We
are confident that these new bootstrap techniques will play a critical role in
the future and will find many applications in signal processing because they
do alleviate some of the restrictions imposed by the conventional bootstrap.

Bootstrap techniques have become an off-the-shelf tool in mathematical
statistics and standard routines are incorporated in the majority of statis-
tical software packages available in the market place (e.g. SPSS, S-Plus,
and StatsDirect). Our objective is to demonstrate the power of bootstrap
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techniques to signal processing practitioners with the hope that they will
solve problems which may be intractable with classical tools.

An outline of the book follows. Chapter 2 has been written with great care.
It is the introductory chapter to the bootstrap and is intended for readers
new to the bootstrap world. We have provided numerous examples and
discussions. Only in this chapter have we embedded Matlab code so as to
make sure the concept of resampling both independent and dependent data
is well understood.

Chapter 3 deals with bootstrap statistical testing. This is an important
area for a signal processing practitioner dealing with the detection of sig-
nals. We have introduced alternatives to classical signal detection when the
interference is non-Gaussian or unknown. The bootstrap matched filter or
the CFAR bootstrap matched filter are powerful tools for detecting known
signals in interference of unknown distribution. We extended the concept
to tolerance interval bootstrap matched filters where we ensure that the
probability of false alarm is maintained with a preset probability.

Chapter 4 concerns model selection with the bootstrap. Here, we report
methods used to select a linear model as well as models of a more compli-
cated structure such as autoregressive processes. We give comparisons with
Akaike’s information criterion and Rissanen’s minimum description length.
We report on the detection of the number of sources impinging on a uniform
linear array. With few assumptions the methods reported show superior per-
formance compared to classical techniques, including the sphericity test.

Chapter 5 is a collection of interesting real world problems the authors
have worked on over the years. We report results in the areas of vibration
analysis, sonar, radar, and biomedical engineering. In all applications there
was no better way to approach the problem, than with the bootstrap. This is
followed by two Appendices. Appendix 1 includes Matlab code for many of
the examples in the book while Appendix 2 contains the Bootstrap Matlab

Toolbox, a set of functions purposely written for this book.
The reader new to the bootstrap world is encouraged to carefully read

Chapter 2. Chapters 3 and 4 are two main applications of the bootstrap to
classical problems which invoke strong assumptions. The reader interested
in signal detection/hypothesis testing is referred to Chapter 3 while one in-
terested in model selection should focus on Chapter 4, they may be read
independently of each other. Both chapters also contain a theoretical treat-
ment plus examples and applications. The engineer interested in discovering
the power of the bootstrap in real-life applications can skip the theoretical
treatments in Chapters 3 and 4 and go directly to Chapter 5.
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The bootstrap principle

In this chapter we introduce the principle of the bootstrap, provide a re-
view of basic resampling techniques, and show how the bootstrap can be
used to evaluate the distribution of a parameter estimator. We start with
non-parametric and parametric bootstrap resampling techniques, which are
essentially designed for independent and identically distributed data, fol-
lowed by bootstrap methods for dependent data. Then, we discuss boot-
strap pivotal statistics, the nested (double) bootstrap, and the method of
variance stabilisation. We comment on the limitations of the bootstrap,
provide some guidance for the application of bootstrap methods in practical
situations, and show an example of bootstrap failure. Finally, we sketch
other trends in bootstrap resampling methodology.

2.1 The principle of resampling

Let X = {X1, X2, . . . , Xn} be a sample, i.e., a collection of n numbers
drawn at random from a completely unspecified distribution F . When we
say “at random” we mean that the Xi’s are independent and identically
distributed (iid) random variables, each having distribution F . Let θ denote
an unknown characteristic of F . It could be the mean or variance of F or
even the spectral density function discussed earlier. The problem we wish
to solve is to find the distribution of θ̂, an estimator of θ, derived from the
sample X . This is of great practical importance as we need to infer θ based
on θ̂. For example, if θ is CXX(ω) defined in (1.1) we would want to test
whether CXX(ω) at a given ω is zero or whether it exceeds a certain bound,
based on the estimate constructed from the observations xt, t = 1, . . . , n of
the stationary process Xt, t ∈ Z.

One way to obtain the distribution of θ̂ is to repeat the experiment a
sufficient number of times and approximate the distribution of θ̂ by the so

11
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obtained empirical distribution. This is equivalent to Monte Carlo simu-
lations (Robert and Casella, 1999). In many practical situations, however,
this is inapplicable for cost reasons or because the experimental conditions
are not reproducible. In some applications, samples may be unavailable, for
example, when monitoring vibration signals in a cracking concrete beam.

The bootstrap suggests that we resample from a distribution chosen to
be close to F in some sense. This could be the sample (or empirical) dis-
tribution F̂ , which is that probability measure that assigns to a set A in
the sample space of X a measure equal to the proportion of sample values
that lie in A. It is known that under some mild assumptions F̂ approaches
F as n −→ ∞ (Hall, 1992). Resampling from F̂ is referred to as the non-
parametric bootstrap.† The idea of resampling from F̂ was introduced earlier
as a transition from a “real world” to “bootstrap world” (see Figure 1.1).
The principle of the non-parametric bootstrap is highlighted in Table 2.1.

Table 2.1. Principle of the non-parametric bootstrap.

Step 0. Conduct the experiment to obtain the random sample

X = {X1,X2, . . . , Xn}
and calculate the estimate θ̂ from the sample X .

Step 1. Construct the empirical distribution F̂ , which puts equal mass 1/n at each
observation

X1 = x1,X2 = x2, . . . , Xn = xn

Step 2. From F̂ , draw a sample

X ∗ = {X∗
1 ,X∗

2 , . . . , X∗
n},

called the bootstrap resample.
Step 3. Approximate the distribution of θ̂ by the distribution of θ̂∗ derived from

the bootstrap resample X ∗.

Although Table 2.1 states that we construct F̂ and we resample from F̂ ,
in practice we do not have to directly estimate F . This means that the
bootstrap resampling does not involve explicit calculation of the empirical
distribution function, the histogram, or the empirical characteristic func-
tion. Also, there is no need to estimate the mean, variance or the higher
order moments of F . With the non-parametric bootstrap, we simply use the
random sample X = {X1, X2, . . . , Xn} and generate a new sample by sam-
pling with replacement from X . We call this new sample a bootstrap sample

† The parametric bootstrap is introduced in Section 2.1.3.
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or a bootstrap resample. A practical implementation of the non-parametric
bootstrap is given in Figure 2.1.

Original Data

Conduct
Experiment/
Measurement

Steps 0 and 1

� � Compute
Estimate

�
X θ̂

�

Resample

Step 2
Bootstrap Data

� � Compute
Estimate

�
X ∗

1

θ̂∗1

� � Compute
Estimate

�
X ∗

2

θ̂∗2

...
...

� � Compute
Estimate

�
X ∗

B

θ̂∗B

Generate
F̂Θ̂(θ̂)

Step 3

�

� θ̂

�̂FΘ̂(θ̂)

Fig. 2.1. Principle of the non-parametric bootstrap for estimating the distribution
function F̂Θ̂(θ̂) of a parameter estimator θ̂(x).

Herein, we create a number B of resamples X ∗
1 , . . . ,X ∗

B. A resample
X ∗ = {X∗

1 , X∗
2 , . . . , X∗

n} is an unordered collection of n sample points drawn
randomly from X with replacement, so that each X∗

i has probability n−1 of
being equal to any one of the Xj ’s. In other terms,

Prob [X∗
i = Xj | X ] = n−1 , 1 ≤ i, j ≤ n.

That is, the X∗
i ’s are independent and identically distributed, conditional

on the random sample X , with this distribution (Hall, 1992). This means
that X ∗ is likely to contain repeats. As an example, consider n = 4 and the



14 The bootstrap principle

sample X = {−3.7, 0.5, 1.4, 2.8}. The collection X ∗ = {0.5,−3.7,−3.7, 2.8}
should not be mistaken for the set {0.5,−3.7, 2.8} because the bootstrap
sample has one repeat. Also, X ∗ is the same as {0.5,−3.7, 2.8,−3.7},
{−3.7, 0.5, 2.8,−3.7}, etc. because the order of elements in the resample
plays no role (Hall, 1992; Efron and Tibshirani, 1993). Example 2.1.1 high-
lights the resampling procedure in a non-parametric bootstrap.

A typical question that arises with the bootstrap is the following: how
many resamples does one need? This number depends on the particular
application and what is to be estimated. We will discuss this question later.

The resampling procedure is fundamental to the non-parametric bootstrap
and needs to be properly understood. To facilitate this, we have written
a Matlab routine called bootrsp.m. Most of the Matlab functions that
were written for this book are collected in Appendix 2 which contains the
Bootstrap Matlab Toolbox. Unless otherwise stated, all routines presented
in this book can run with a standard Matlab application and without
the need of additional Matlab toolboxes. Consider the following simple
example of a non-parametric bootstrap resampling procedure.

Example 2.1.1 Non-parametric resampling.

>> X=randn(5,1);
>> X’

X =

-0.43 -1.66 0.12 0.28 -1.14

>> X_star=bootrsp(X,10)

X_star =

-1.14 0.28 0.28 0.12 -0.43 -1.66 -0.43 0.12 -1.14 0.12
-1.66 0.12 0.28 -1.14 -1.66 -0.43 0.28 -1.14 -0.43 0.28
0.28 -0.43 -1.14 -1.14 -1.14 0.28 0.12 0.12 0.28 0.12
0.12 -1.14 0.28 0.12 -0.43 -1.66 -1.14 -1.66 -1.66 -1.66

-1.14 0.12 -0.43 -1.14 -0.43 -0.43 0.12 0.28 -1.14 -0.43

Similarly, we can use bootrsp.m to create resamples of two-dimensional data.

>> X=randn(2,3)
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X =

1.19 -0.03 0.17
1.18 0.32 -0.18

>> X_star=bootrsp(X,3)

X_star(:,:,1) =

1.18 1.18 1.19
0.17 0.32 0.17

X_star(:,:,2) =

-0.03 -0.18 -0.03
-0.18 0.32 -0.18

X_star(:,:,3) =

0.17 0.17 -0.03
0.32 0.32 1.18

With the routine bootrsp.m we can generate an arbitrary number of boot-
strap resamples from the given sample X = {X1, X2, . . . , Xn}. Some of
the values from the original sample will appear in the resample more than
once while other values may not appear at all. The fourth resample of X

(fourth column of X star in the first part of this example, has the number
−1.14 appearing three times while the numbers −0.43,−1.66 and 0.28 do
not appear at all. We emphasise that, in general, the size of the bootstrap
resample has to be equal to that of the original sample. These are the basics
of non-parametric bootstrap resampling. Note, however, that in some boot-
strap applications such as the bootstrap model selection (see Chapter 4),
subsampling techniques can be used.

At times, we will refer to resampling the data using the bootstrap simply
as bootstrapping. Bootstrap methods are not limited to resampling uni-
variate data and can cater for multivariate data as it was shown in Exam-
ple 2.1.1. An example of bootstrapping bi-variate data is given below.
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Example 2.1.2 Non-parametric bi-variate resampling.

>> X1=randn(4,1);
>> X1’

X1 =

0.72 -0.58 2.18 -0.13

>> X2=randn(4,1);
>> X2’

X2 =

0.11 1.06 0.05 -0.09

>> [X1_star,X2_star]=bootrsp2(X1,X2,10)

X1_star =

-0.58 2.18 -0.13 -0.13 -0.58 -0.13 -0.58 -0.58 2.18 2.18
0.72 2.18 2.18 0.72 -0.58 -0.13 -0.58 -0.13 -0.58 0.72
2.18 0.72 -0.58 2.18 -0.13 -0.13 0.72 2.18 -0.58 -0.13

-0.13 -0.58 2.18 0.72 0.72 -0.13 2.18 -0.58 -0.13 2.18

X2_star =

1.06 0.05 -0.09 -0.09 1.06 -0.09 1.06 1.06 0.05 0.05
0.11 0.05 0.05 0.11 1.06 -0.09 1.06 -0.09 1.06 0.11
0.05 0.11 1.06 0.05 -0.09 -0.09 0.11 0.05 1.06 -0.09

-0.09 1.06 0.05 0.11 0.11 -0.09 0.05 1.06 -0.09 0.05

The bi-variate resampling has been performed using the bootrsp2.m rou-
tine (see Appendix 2). A simple analysis of this routine indicates that mul-
tivariate resampling is performed using the same bootstrap index for all
variables. Take, for example, the first columns of X1 star and X2 star in
Example 2.1.2. It is clear that the resample consists of the second and first
elements followed by the third and fourth elements of the original samples
X1 and X2.
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A reliable pseudo-random number generator is essential for valid appli-
cation of the bootstrap method. In all our applications, we use a pseudo-
random number generator proposed by Park and Miller (1988), which is
a built-in routine in Matlab. More detailed treatment of pseudo-random
number generators can be found in the works of Knuth (1981) and Bratley
et al. (1983).

2.1.1 Some theoretical results for the mean

Examples 2.1.1 and 2.1.2 give a general idea about bootstrap resampling.
The question we may pose now is how much information from the original
sample is retained in the bootstrap resample. To answer this question we
need to evaluate the consistency and convergence of bootstrap resampling.
In the statistical literature, consistency and convergence results have been
reported for many types of statistics. Let us consider the following three
results for a simple statistic, the sample mean.

Result 2.1.1 Bootstrap convergence for the sample mean.
Given a random sample X = {X1, . . . , Xn}, consider the parameter of in-
terest to be θ = E[X]. An obvious estimator for θ is the sample mean

θ̂ =
1
n

∑

i

Xi.

Let its bootstrap equivalent be

θ̂∗ =
1
n

∑

i

X∗
i .

If E[X2] <∞, then (Singh, 1981, Eq. (1.1))

sup
x

∣
∣
∣Prob∗[

√
n(θ̂∗ − θ̂) ≤ x]− Prob[

√
n(θ̂ − θ) ≤ x]

∣
∣
∣→ 0 a.s.

where Prob∗[·] is the bootstrap probability conditioned on the observed data.
Setting T ∗

n =
√

n(θ̂∗ − θ̂) and Tn =
√

n(θ̂ − θ), the result above proves that
the distribution of T ∗

n converges to that of Tn in the sense that the sup-norm
of the difference is almost surely (a.s.) zero.

Similar results can be derived for a standardised and studentised sample
mean. These two results are of importance to bootstrap hypothesis testing
which we will discuss in Chapter 3.
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Result 2.1.2 Bootstrap convergence for the standardised sample
mean.
Let θ, θ̂ and θ̂∗ represent the mean, the sample mean, and the bootstrap
sample mean as in Result 2.1.1. Let σ2 = var[X], and

σ̂2 =
1
n

∑

i

(Xi − θ̂)2

be the biased sample variance. If E[|X1|3] <∞ and F is not a lattice distri-
bution,† then (Singh, 1981, Eq. (1.5))
√

n sup
x

∣
∣
∣Prob∗[

√
n(θ̂∗ − θ̂)/σ̂ ≤ x]− Prob[

√
n(θ̂ − θ)/σ ≤ x]

∣
∣
∣→ 0 a.s.

If the distribution of Tn =
√

n(θ̂ − θ)/σ is approximated by the standard
Gaussian, the sup-norm distance is O(n−1/2) compared with o(n−1/2) if it
is approximated by the distribution of T ∗

n =
√

n(θ̂∗ − θ̂)/σ̂ (Shao and Tu,
1995, p. 93). This highlights the higher-order accuracy of the bootstrap
distribution.

Result 2.1.3 Bootstrap convergence for the studentised sample
mean.
Let θ, θ̂ and θ̂∗ represent the mean, the sample mean, and the bootstrap
sample mean as in Result 2.1.1. Let σ̂2 be the biased sample variance as
defined in Result 2.1.2, and

σ̂∗2 =
1
n

∑

i

(X∗
i − θ̂∗)2.

If E[|X1|6] <∞, then
√

n sup
x

∣
∣
∣Prob∗[

√
n(θ̂∗ − θ̂)/σ̂∗ ≤ x]− Prob[

√
n(θ̂ − θ)/σ̂ ≤ x]

∣
∣
∣→ 0 a.s.

This result is a special case of the result by Babu and Singh (1983) for
studentised linear combinations of sample means. It states that the sup-
norm difference between the distributions of the studentised sample mean
statistic Tn =

√
n(θ̂− θ)/σ̂ and the bootstrap statistic T ∗

n =
√

n(θ̂∗ − θ̂)/σ̂∗

is of order o(n−1/2) (Ong, 2000).
Convergence and consistency results can be found for many statistics other

than the mean and the interested reader is referred to the statistical liter-
ature on this topic, see for example (Shao and Tu, 1995). The important
message here is that, generally speaking, the bootstrap resamples contain

† F does not have all atoms of the form x0 + k∆x for integer k and some constants x0 and ∆x.
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the same statistical information as the original sample, provided that the
data is iid.

2.1.2 Examples of non-parametric bootstrap estimation

A common use of the non-parametric bootstrap is to estimate the distribu-
tion of a parameter estimator from a random sample. Thus, quantities such
as bias, variance, or confidence bands can also be easily estimated. To get
a better understanding of a non-parametric bootstrap, we will consider the
following examples.

Example 2.1.3 Bias estimation.

Consider the problem of estimating the variance of an unknown distribution
with parameters µ and σ which we denote by Fµ,σ, given the random sample
X = {X1, . . . , Xn}. Two different estimators are commonly used:

σ̂2
u =

1
n− 1

n∑

i=1



Xi − 1
n

n∑

j=1

Xj





2

(2.1)

and

σ̂2
b =

1
n

n∑

i=1



Xi − 1
n

n∑

j=1

Xj





2

. (2.2)

It can easily be shown that

E[σ̂2
u] = σ2 and E[σ̂2

b ] =
(

1− 1
n

)

σ2.

Thus, σ̂2
b is a biased estimator for σ2 while σ̂2

u is an unbiased estimator of
σ2. With the bootstrap, one can estimate the bias

b(σ̂2) = E[σ̂2 − σ2]

by

E∗[σ̂∗2 − σ̂2],

where σ̂2 is the maximum likelihood estimate of σ2 and E∗[·] is expectation
with respect to bootstrap sampling. Note that in the Gaussian case the
maximum likelihood estimate of σ2 is σ̂2

b . It should also be noted that the
bootstrap variance σ̂∗2 is strongly consistent (Shao and Tu, 1995, p. 87).
We can adapt the steps of the non-parametric bootstrap from Table 2.1 and
write a bootstrap procedure for bias estimation as illustrated in Table 2.2.
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Table 2.2. Bootstrap algorithm for bias estimation.

Step 0. Experiment. Collect the data into

X = {X1, . . . , Xn}
and compute the estimates σ̂2

u and σ̂2
b according to (2.1) and (2.2).

Step 1. Resampling. Draw a random sample of size n, with replacement, from X .

Step 2. Calculation of the bootstrap estimate. Calculate the bootstrap estimates
σ̂∗2

u and σ̂∗2
b from X ∗ in the same way σ̂2

u and σ̂2
b were computed but with

the resample X ∗.

Step 3. Repetition. Repeat Steps 1 and 2 to obtain a total of B bootstrap esti-
mates σ̂∗2

u,1, . . . , σ̂
∗2
u,B and σ̂∗2

b,1, . . . , σ̂
∗2
b,B .

Step 4. Bias estimation. Estimate b(σ̂2
u) by

b∗(σ̂∗2
u ) =

1
B

B∑

i=1

σ̂∗2
u,i − σ̂2

b

and b(σ̂2
b ) by

b∗(σ̂∗2
b ) =

1
B

B∑

i=1

σ̂∗2
b,i − σ̂2

b .

Let us consider a sample of size n = 5 from the standard Gaussian dis-
tribution. With B = 1000 and 1000 Monte Carlo simulations, we obtained
the histograms for b∗(σ̂∗2

u ) and b∗(σ̂∗2
b ) as shown in Figure 2.2. It is worth

noting that the sample mean for b(σ̂2
u) was −4.94 × 10−4 as compared to

the theoretical value of zero while the sample mean for b(σ̂2
b ) was −0.1861

compared to the theoretical value of −0.2. A Matlab code for the bias
estimation example is given in Section A1.1 of Appendix 1.

Note that the sample mean in the above example will converge to the true
value of the bias as n increases. Of course the original sample has to be a
good representation of the population and it should not include too many
outliers.

Estimating the bias of a parameter estimator with the bootstrap can be
also used in the context of sharpening an estimator. Kim and Singh (1998)
used a bootstrap method to check whether the use of bias correction leads
to an increase or a decrease in the mean squared error of the estimator.
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Fig. 2.2. Bootstrap estimation of the bias b(σ̂2
u) (left) and of b(σ̂2

b ) (right).

Example 2.1.4 Variance estimation.

Consider now the problem of finding the variance σ2
θ̂

of an estimator θ̂ of θ,
based on the random sample X = {X1, . . . , Xn} from the unknown distri-
bution Fθ.

In some cases one may derive an analytic expression for σ2
θ̂

if this is math-
ematically tractable. Alternatively, one may use asymptotic arguments to
compute an estimate σ̂2

θ̂
for σ2

θ̂
. However, there are many situations where

the conditions for the above are not fulfilled. In the example of the spectral
density CXX(ω) in Equation (1.1) an estimate of the variance for ĈXX(ω)
is available only for n large. One way to overcome the problem is to use the
bootstrap to approximate σ2

θ̂
by σ̂∗2

θ̂
. Similarly to the previous example, we

will develop a bootstrap algorithm in which we will use the original sample
X = {X1, . . . , Xn} to generate several bootstrap resamples. The resamples
will then be used to derive the bootstrap estimates used to calculate the
estimate σ̂∗2

θ̂
. The procedure is shown in Table 2.3.

Suppose that the distribution Fµ,σ is Gaussian with mean µ = 10 and
variance σ2 = 25, and we wish to estimate σµ̂ based on a random sample
X of size n = 50. Following the procedure of Table 2.3 with an appropriate
number of bootstrap resamples (Efron and Tibshirani, 1993) for variance
estimation, B = 25, a bootstrap estimate of the variance of µ̂ is found to be
σ̂2

BOOT
= 0.49 as compared to the true σ2

µ̂ = σ2/n = 0.5. A typical histogram
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Table 2.3. Bootstrap algorithm for variance estimation.

Step 0. Experiment. Conduct the experiment and collect the random data into
the sample

X = {X1, . . . , Xn}.
Step 1. Resampling. Draw a random sample of size n, with replacement, from X .

Step 2. Calculation of the bootstrap estimate. Evaluate the bootstrap estimate θ̂∗

from X ∗ calculated in the same manner as θ̂ but with the resample X ∗
replacing X .

Step 3. Repetition. Repeat Steps 1 and 2 many times to obtain a total of B

bootstrap estimates θ̂∗1 , . . . , θ̂∗B .

Step 4. Estimation of the variance of θ̂. Estimate the variance σ2
θ̂

of θ̂ by

σ̂2
BOOT =

1
B − 1

B∑

i=1



θ̂∗i −
1
B

B∑

j=1

θ̂∗j





2

.

of σ̂
∗2(1)
µ̂ , σ̂

∗2(2)
µ̂ , . . . , σ̂

∗2(1000)
µ̂ is shown in Figure 2.3. A Matlab routine for

this example is given in Section A1.1 of Appendix 1.

Confidence interval estimation is one of the most frequent applications
of the bootstrap. It is not fundamentally different from hypothesis testing,
which will be discussed in Chapter 3. Because the emphasis in this book is
more towards application of the bootstrap for hypothesis testing or signal
detection, we will put more emphasis on this example.

Example 2.1.5 Confidence interval for the mean.

Let X1, . . . , Xn be n iid random variables from some unknown distribution
Fµ,σ. We wish to find an estimator and a 100(1−α)% interval for the mean
µ. Usually, we use the sample mean as an estimate for µ,

µ̂ =
1
n

n∑

i=1

Xi.

A confidence interval for µ can be found by determining the distribution of
µ̂ (over repeated samples of size n from the underlying distribution), and
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finding values µ̂L, µ̂U such that

Prob[µ̂L ≤ µ ≤ µ̂U ] = 1− α.

The distribution of µ̂ depends on the distribution of the Xi’s, which is un-
known. In the case where n is large the distribution of µ̂ could be ap-
proximated by the Gaussian distribution as per the Central Limit Theo-
rem (Kendall and Stuart, 1967; Manoukian, 1986), but such an approxima-
tion is not valid in applications where n is small.

As mentioned earlier, the bootstrap assumes that the random sample
X = {X1, . . . , Xn} itself constitutes the underlying distribution. Then, by
resampling from X many times and computing µ̂ for each of these resamples,
we obtain a bootstrap distribution for µ̂ which approximates the distribution
of µ̂, and from which a confidence interval for µ is derived. This procedure is
described in Table 2.4, where a sample of size 10 is taken from the Gaussian
distribution with mean µ = 10, variance σ2 = 25, and where the level of
confidence is 95%.

We used the same data and algorithm of Table 2.4 with other α values.
For example, we found the 99% confidence interval to be (4.72, 14.07) and
with B = 100 resamples, we found (7.33, 12.93) to be the 90% confidence
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Table 2.4. The bootstrap principle for calculating a confidence interval for
the mean.

Step 0. Experiment. Conduct the experiment. Suppose our sample is

X = {−2.41, 4.86, 6.06, 9.11, 10.20, 12.81, 13.17, 14.10, 15.77, 15.79}
of size 10, with µ̂ = 9.946 being the mean of all values in X .

Step 1. Resampling. Draw a random sample of 10 values, with replacement, from
X . One might obtain the bootstrap resample

X ∗ = {9.11, 9.11, 6.06, 13.17, 10.20,−2.41, 4.86, 12.81,−2.41, 4.86}.
Note here that some of the original sample values appear more than once,
such as 9.11 and others not at all, such as 14.10.

Step 2. Calculation of the bootstrap estimate. Calculate the mean of all values in
X ∗. The obtained mean of all 10 values in X ∗ is µ̂∗

1 = 6.54.

Step 3. Repetition. Repeat Steps 1 and 2 a large number of times to obtain a total
of B bootstrap estimates µ̂∗

1, . . . , µ̂
∗
B . For example, let B = 1000.

Step 4. Approximation of the distribution of µ̂. Sort the bootstrap estimates into
increasing order to obtain µ̂∗

(1) ≤ µ̂∗
(2) ≤ . . . ≤ µ̂∗

(1000), where µ̂∗
(k) is the kth

smallest of µ̂∗
1, . . . , µ̂

∗
B . For example, we might get

3.48, 3.39, 4.46, . . . , 8.86, 8.89, . . . , 10.07, 10.08, . . . , 14.46, 14.53, 14.66.

A histogram of the obtained bootstrap estimates µ̂∗
1, . . . , µ̂

∗
B is given in

Figure 2.4 along with the density function of the Gaussian distribution
with mean µ = 10 and variance σ2/n = 25.

Step 5. Confidence interval. The desired 100(1 − α)% bootstrap confidence in-
terval is (µ̂∗

(q1)
, µ̂∗

(q2)
), where q1 = �Bα/2� is the integer part of Bα/2 and

q2 = B− q1 + 1. For α = 0.05 and B = 1000, we get q1 = 25 and q2 = 976,
and the 95% confidence interval is found to be (6.27, 13.19) as compared
to the theoretical (6.85, 13.05).

interval. Note that the number of resamples B has to be chosen according
to the desired confidence interval. For example, we could not estimate the
99% interval using B = 100 resamples. We will return to this issue in
Chapter 3, in the context of hypothesis testing. The Matlab code for
the bootstrap procedure for estimating a confidence interval for the mean
and the particular example from Table 2.4 are given in Section A1.1 of
Appendix 1.
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We also ran the algorithm of Table 2.4 using a random sample of size 10
from the t-distribution with four degrees of freedom. The histogram of the
bootstrap estimates so obtained is shown in Figure 2.5. As the theoretical
fit in this case is not available, we compare the result with the smoothed
empirical density function (or more precisely a kernel density estimate) based
on 1000 Monte Carlo replications. In this example we used the Gaussian
kernel with the optimum width h = 1.06B(−1/5)σ̂0 = 0.12, where σ̂0 is
the standard deviation of the estimates of µ, obtained through Monte Carlo
replications (Silverman, 1986). The 95 % confidence interval for µ was found
to be (−0.896, 0.902) and (−0.886, 0.887) based on the bootstrap and Monte
Carlo estimates, respectively.

In practice, the procedure described in Table 2.4 can be substantially
improved because the interval calculated is, in fact, an interval with coverage
less than the nominal value (Hall, 1988). In Section 2.2, we will discuss
another way of constructing confidence intervals for the mean that would
lead to a more accurate result. The computational expense to calculate
the confidence interval for µ is approximately B times greater than the one
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Fig. 2.5. Histogram of 1000 bootstrap estimates of the mean of the t-distribution
with four degrees of freedom. The solid line indicates the kernel probability density
function obtained from 1000 Monte Carlo simulations.

needed to compute µ̂. However, this is generally acceptable given the ever-
increasing capabilities of today’s computers.

The three examples provided above give an insight into the basic proce-
dure of the non-parametric bootstrap. We now turn our attention to the
parametric bootstrap.

2.1.3 The parametric bootstrap

Suppose that one has partial information of F . For example, F is known
to be the Gaussian distribution but with unknown mean µ and variance
σ2. This suggests that we draw a resample of size n from the Gaussian
distribution with mean µ̂ and variance σ̂2 where µ̂ and σ̂2 are estimated
from X rather than a non-parametric estimate F̂ of F . With this method,
known as the parametric bootstrap (Hall, 1992; Efron and Tibshirani, 1993),
one hopes to improve upon the non-parametric bootstrap described above.

In general terms, given that the sample X is from Fθ, we first estimate
θ (which could well be a vector of parameters as in the Gaussian case) and
draw from F̂θ̂ B bootstrap samples of size n each,

F̂θ̂ −→ (x∗
1, x

∗
2, . . . , x

∗
n)
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The steps of the parametric bootstrap follow immediately. We use a pseudo-
random number generator to draw new samples from the distribution type
where the unknowns are replaced by their estimates. When used in a para-
metric way, the bootstrap provides more accurate answers, provided the
model is correct.

Example 2.1.6 Confidence interval for the mean: a parametric
approach.

To illustrate the concept of a parametric bootstrap, let us consider the prob-
lem of finding a confidence interval for the mean as in Example 2.1.5, but
this time we will assume that the model is known. The parametric bootstrap
procedure for finding a confidence interval is shown in Table 2.5, while the
histogram of bootstrap estimates is shown in Figure 2.6.

Table 2.5. The parametric bootstrap principle for calculating a confidence
interval for the mean.

Step 0. Experiment. Conduct the experiment and collect X1, . . . , Xn into X . Sup-
pose Fµ,σ is N (10, 25) and

X = {−2.41, 4.86, 6.06, 9.11, 10.20, 12.81, 13.17, 14.10, 15.77, 15.79}
is of size n = 10. The mean of all values in X is µ̂ = 9.95 and the sample
variance is σ̂2 = 33.15.

Step 1. Resampling. Draw a sample of 10 values, with replacement, from Fµ̂,σ̂.
We might obtain

X ∗ = {7.45, 0.36, 10.67, 11.60, 3.34, 16.80, 16.79, 9.73, 11.83, 10.95}.
Step 2. Calculation of the bootstrap estimate. Calculate the mean of X ∗. The

mean of all 10 values in X ∗ is µ̂∗
1 = 9.95.

Step 3. Repetition. Repeat Steps 1 and 2 to obtain B bootstrap estimates
µ̂∗

1, . . . , µ̂
∗
B . Let B = 1000.

Step 4. Approximation of the distribution of µ̂. Sort the bootstrap estimates to
obtain µ̂∗

(1) ≤ µ̂∗
(2) ≤ . . . ≤ µ̂∗

(B).

Step 5. Confidence interval. The 100(1 − α)% bootstrap confidence interval is
(µ̂∗

(q1)
, µ̂∗

(q2)
), where q1 = �Bα/2� and q2 = B − q1 + 1. For α = 0.05 and

B = 1000, q1 = 25 and q2 = 976, and the 95% confidence interval is found
to be (6.01, 13.87) as compared to the theoretical (6.85, 13.05).



28 The bootstrap principle

The Matlab code for the parametric bootstrap procedure of Table 2.5 is
given in Section A1.2 of Appendix 1.
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Fig. 2.6. Histogram of µ̂∗
1, µ̂

∗
2, . . . , µ̂

∗
1000, based on the random sample X = {−2.41,

4.86, 6.06, 9.11, 10.20, 12.81, 13.17, 14.10, 15.77, 15.79}, together with the density
function of a Gaussian variable with mean 10 and variance 25 .

In signal processing and many other engineering applications it is more
likely that the type of distribution that generated the data is unknown.
Thus, the applicability of the parametric bootstrap is limited. As might
be expected, our experience has shown that the use of a non-parametric
bootstrap approach is more accurate than a parametric bootstrap procedure
with an incorrect model assumption.

2.1.4 Bootstrap resampling for dependent data

Until now we assumed that the random sample X = {X1, X2, . . . , Xn} con-
sists of iid data from a completely unspecified distribution F except for the
case of the parametric bootstrap. However, the assumption of iid data can
break down in practice either because the data is not independent or be-
cause it is not identically distributed. In some practical applications, the
data can be dependent and at the same time not identically distributed.

In cases where the underlying model that generated the data is known, we
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can still invoke the bootstrap principle (Freedman, 1981; Chatterjee, 1986;
Bose, 1988; Kreiss and Franke, 1992; Efron and Tibshirani, 1993; Paparo-
ditis, 1996a). For example, assume that the data is identically distributed
but not independent such as in autoregressive (AR) models. If no plausi-
ble model is available for the probability mechanism generating stationary
observations, we could make the assumption of weak dependence.

The assumption of weak dependence is satisfied for processes that fulfil
strong mixing conditions.† For processes that contain weakly dependent
data the concept of the moving block bootstrap has been proposed (Künsch,
1989; Liu and Singh, 1992; Politis and Romano, 1992a, 1994; Bühlmann,
1994). The principle of the moving block bootstrap is as follows. Given n

samples, we randomly select blocks of length l from the original data and
concatenate them together to form a resample as shown in Figure 2.7, where
the block size is set to l = 20 and the number of samples is n = 100.
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Fig. 2.7. Principle of the moving block bootstrap.

There exist other methods of resampling dependent data, which are closely

† Loosely speaking a process is strong mixing if observations that are far apart in time are almost
independent (Rosenblatt, 1985).
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related to the moving block bootstrap. For example, the circular blocks
bootstrap (Politis and Romano, 1992b; Shao and Yu, 1993) allows blocks
which start at the end of the data to wrap around to the start. The block of
blocks bootstrap, which is also referred to as the double block bootstrap and
originally proposed by Künsch (1989) uses two levels of blocking. The sta-
tionary bootstrap is another variation of the moving block bootstrap, where
the length of the block is allowed to be random (Politis and Romano, 1994).
Other techniques for resampling weakly dependent data involve crossing be-
tween the block bootstrap and Richardson extrapolation (Bickel and Yahav,
1988; Hall and Jing, 1994).

Reports on applications of dependent data bootstrap procedures to signal
processing include the estimation of confidence intervals for spectra and
cross-spectra (Politis et al., 1992b) and estimation of higher order cumulants
(Zhang et al., 1993).

We have written two Matlab functions that, together with bootrsp.m,
facilitate bootstrap resampling for weakly dependent data (see Appendix 2).
Given the random samples X = {X1, X2, . . . , Xn}, the function segments.m

obtains Q overlapping (l > m) or non-overlapping (l ≤ m) segments each of
l samples in the form of a matrix with l rows and q columns, with m being
the length of the overlap. The function segmcirc.m, on the other hand, allows
the data to be wrapped around in a circle, that is, we define for i > n− 1,
Xi = Xin, where in = i(mod (n−1)) and mod denotes the modulo operator.
Numerical examples of the moving block bootstrap and the circular block
bootstrap are considered next.

The moving block bootstrap creates resamples by concatenating k l-
tuples, where l < n and k = �n/l�. The l-tuples are drawn from F̂ ,
which is an l-dimensional distribution formed by assigning probability mass
1/(n− l + 1) to the overlapping blocks

{X1, . . . , Xl},
{X2, . . . , Xl+1},

. . .
{Xn−l+1, . . . , Xn}.

The choice of l for a small sample size is not straightforward. For the moving
block bootstrap to be effective, l should be chosen large enough so that as
much of the dependence structure as possible is retained in the overlapping
blocks, but not so large that the number of blocks n− l + 1 becomes small,
resulting in a poor estimate of F . These are conflicting issues and for a
fixed sample size n, a choice for l that gives satisfactory results may not be
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available. Some answers to the choice of the block length exist as it is found
in the work of Bühlmann and Künsch (1999). However, applicability of the
method to various real-life problems has shown that it does suffer from the
choice of the block length.

Example 2.1.7 Moving block bootstrap.

>> X=1:10;
>> [X_seg,Q]=segments(X,3,2)

X_seg =

1 3 5 7
2 4 6 8
3 5 7 9

Q =

4

>> ind=bootrsp((1:Q),1)

ind =

3 3 2 1

>> X_star=X_seg(:,ind);
>> X_star=X_star(:)’;

X_star =

5 6 7 5 6 7 3 4 5 1 2 3

Similarly, we can use the function segmcirc.m to simulate a circular block
bootstrap. Consider the following simple example.

Example 2.1.8 Circular block bootstrap.

>> X=1:10;
>> Q=5;
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>> X_seg=segmcirc(X,3,2,Q)

X_seg =

1 3 5 7 9
2 4 6 8 10
3 5 7 9 1

>> ind=bootrsp((1:Q),1)

ind =

5 1 4 4 2

>> X_star=X_seg(:,ind);
>> X_star=X_star(:)’

X_star =

9 10 1 1 2 3 7 8 9 7 8 9
3 4 5

Note that the data in Example 2.1.7 are not wrapped and that for the
given block and overlap lengths, it is possible to construct only four blocks.
Example 2.1.8 indicates that in a circular block bootstrap we can construct
any number of blocks. In most bootstrap applications, however, we require
the size of the bootstrap resample to match the original sample size.

We can ask the same question as we did earlier for the iid bootstrap
resampling. That is, does the bootstrap resample retain the information
from the original sample when the data is dependent? The convergence of
the bootstrap sample mean described in Result 2.1.1 can be generalised to
the case of weakly dependent data.

Result 2.1.4 Bootstrap convergence for the sample mean of m-
dependent data.
Let θ = E[X], the sample mean θ̂ = n−1

∑

i

Xi and its bootstrap equivalent

θ̂∗ = n−1
∑

i

X∗
i . If E[|X|4+δ] < ∞ for some δ > 0, l → ∞, and l/n → 0,
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then (Liu and Singh, 1992)

sup
x

∣
∣
∣Prob∗[

√
kl(θ̂∗ − E[θ̂∗]) ≤ x]− Prob[

√
n(θ̂ − θ) ≤ x]

∣
∣
∣→p 0,

where →p denotes convergence in probability. Furthermore, if l/
√

n → 0,
then E[θ̂∗] above can be replaced by θ̂ (Shao and Tu, 1995, p. 391).

Note that the circular block bootstrap ensures that E[θ̂∗] ≡ θ̂ for the sample
mean.

2.1.5 Examples of dependent data bootstrap estimation

Below, we will consider several examples of bootstrap resampling where the
sampled data are not iid. First we will show how we can invoke the basic
bootstrap resampling scheme from Section 2.1 in a case where the model
that generated the data is known.

Example 2.1.9 Variance estimation in AR models.

Consider the problem of estimating the variance of the parameter of a first
order autoregressive process. One may choose to use dependent data boot-
strap techniques to solve this problem. However, knowing the model order
we can adapt the independent data bootstrap for this dependent data model.

We collect n observations xt, t = 1, . . . , n, from the first order autoregres-
sive model

Xt + aXt−1 = Zt ,

where Zt is stationary white Gaussian noise with E[Zt] = 0 and autocovari-
ance function cZZ(u) = σ2

Zδ(u), where δ(u) is Kronecker’s delta function,
defined by

δ(u) =
{

1, u = 0
0, otherwise

and a is a real number, satisfying |a| < 1. Note that the Gaussian assump-
tion is unnecessary, but merely chosen to enable comparison with existing
results. After centring the data which is equivalent to replacing xt by

xt − 1
n

n∑

t=1

xt,
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we fit the first-order autoregressive model to the observation xt. With the
empirical autocovariance function of xt,

ĉxx(u) =






1
n

n−|u|
∑

t=1

xt xt+|u|, 1 ≤ |u| ≤ n

0, otherwise,

(2.3)

we calculate the maximum likelihood estimate of a,

â = − ĉxx(1)
ĉxx(0)

, (2.4)

which has approximate variance (Priestley, 1981)

σ̂2
â =

1− a2

n
. (2.5)

Although it is necessary to assume Gaussianity of Zt for obtaining the result
in (2.5) (Priestley, 1981), we note that under some regularity conditions an
asymptotic formula for σ̂2

â can be found in the non-Gaussian case and is a
function of a and the variance and kurtosis of Zt (Porat and Friedlander,
1989; Friedlander and Porat, 1995). Below, in Table 2.6, we show how we
can approximate σ̂2

â without knowledge of the distribution of Zt.
Consider the following experiment where we chose a = −0.6, n = 128 and

Zt to be Gaussian. The maximum likelihood estimate (MLE), derived from
(2.4), was found to be â = −0.6351, and the standard deviation σ̂â = 0.0707,
when applying (2.5). Using the procedure described in Table 2.6, we obtain
the histogram of B = 1000 bootstrap estimates of a, â∗1, â∗2, . . . , â∗1000, shown
in Figure 2.8. We then find an estimate of the standard deviation of â,
σ̂∗

â = 0.0712, to be close to the theoretical value σ̂â. For comparison purposes
we also show in Figure 2.8 as a solid line the kernel density estimator of
â based on 1000 Monte Carlo simulations. The estimate of the standard
deviation of â, σ̂â, in this case is found to be 0.0694. A Matlab code of the
above procedure of finding the variance of the estimate of the parameter of
the AR(1) process is given in Section A1.3 of Appendix 1.

We emphasise that in the bootstrap procedure neither the assumption
of a Gaussian distribution for the noise process Zt nor knowledge of any
characteristic of the non-Gaussian distribution is necessary. We would have
found an estimate of the variance of â for any distribution of Zt. However,
this is not necessarily possible using analytic means because a formula for
σ̂2

â such as the one given in (2.5) is not applicable in the non-Gaussian case.
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Table 2.6. Bootstrap principle for estimating the variance of the estimate
of the parameter of an AR(1) process.

Step 0. Experiment. Conduct the experiment and collect n observations xt, t =
1, . . . , n, from an autoregressive process of order one, Xt.

Step 1. Calculation of the residuals. With the estimate â of a, define the residuals
ẑt = xt + â · xt−1 for t = 2, 3, . . . , n.

Step 2. Resampling. Create a bootstrap sample x∗
1, x

∗
2, . . . , x

∗
n by drawing

ẑ∗2 , ẑ∗3 , . . . , ẑ∗n, with replacement, from the residuals ẑ2, ẑ3, . . . , ẑn, then let-
ting x∗

1 = x1, and x∗
t = −âx∗

t−1 + ẑ∗t , t = 2, 3, . . . , n.

Step 3. Calculation of the bootstrap estimate. After centring the data
x∗

1, x
∗
2, . . . , x

∗
n, obtain â∗, using formulae (2.4) and (2.5) but based on

x∗
1, x

∗
2, . . . , x

∗
n, rather than x1, x2, . . . , xn.

Step 4. Repetition. Repeat Steps 2–3 a large number of times, B = 1000, say, to
obtain â∗

1, â
∗
2, . . . , â

∗
B .

Step 5. Variance estimation. From â∗
1, â

∗
2, . . . , â

∗
B , approximate the variance of â

by

σ̂∗2
â =

1
B − 1

B∑

i=1



â∗
i −

1
B

B∑

j=1

â∗
j





2

.

The only assumption we made is that the random variables Z1, Z2, . . . , Zn

are independent and identically distributed.
Note also that we could have obtained σ̂∗

â using the parametric bootstrap.
Herein, we could also sample ẑ∗t from a fitted Gaussian distribution, i.e.,
a Gaussian distribution with mean zero and variance σ̂2

Z = (1 − â2)ĉxx(0),
instead of resampling from the residuals ẑ2, ẑ3, . . . , ẑn. The bootstrap esti-
mate â∗ is then computed from the so obtained resamples. This approach
however, would require knowledge of the distribution of Zt, t = 1, . . . , n. Of
course, one may make this assumption in the absence of knowledge of the
distribution, but as mentioned earlier, the validity of the results when the
assumption is not adequate is not given.

We would have taken a similar approach to estimate the variances and the
covariances of the parameter estimates of an AR(p) process, where p is the
order of the autoregressive process. For more details on regression analysis
using the bootstrap see the work of Politis (1998).
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Fig. 2.8. Histogram of â∗
1, â

∗
2, . . . , â

∗
1000 for an AR(1) process with parameter a =

−0.6, n = 128 and Zt Gaussian. The MLE for a was â = −0.6351 and σ̂â = 0.0707.
The bootstrap estimate was σ̂∗

â = 0.0712 as compared to σ̂â = 0.0694 based on
1000 Monte Carlo simulations.

Let us consider again the problem of finding a confidence interval for the
power spectral density of a stationary random process that was introduced
in Chapter 1. This time, however, we will consider that the observations are
taken from a weakly dependent time series.

Example 2.1.10 Confidence interval estimation for the power spec-
tral density: a residual based method.

Let X1, . . . , Xn be observations from a strictly stationary real-valued time
series Xt with mean zero, finite variance, and spectral density CXX(ω) as
defined in (1.1). The bootstrap can be used in different ways to estimate a
confidence interval for CXX(ω). The first method, proposed by Franke and
Härdle (1992), is based on bootstrapping the residuals

εk =
IXX(ωk)
CXX(ωk)

, k = 1, . . . , M,

where IXX(ω) is the periodogram of the sample which is defined in (1.2).
Following our previous example where we resampled AR residuals, we can
devise an algorithm for bootstrapping the spectral density as shown in Fig-
ure 2.9 and Table 2.7.
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Ĉ
XX

(ωk)

Confidence
IntervalSort

k = 1, . . . , M

Find
Periodogram

Ĉ
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Fig. 2.9. The general concept of the residual based bootstrap confidence interval
estimation for the spectral density CXX(ω).

Suppose now that the real-valued time series Xt is an AR process of order
p = 5,

Xt = 0.5Xt−1 − 0.6Xt−2 + 0.3Xt−3 − 0.4Xt−4 + 0.2Xt−5 + εt ,

where εt is an iid Gaussian process with zero mean and unit variance. The
spectral density of Xt is given by

CXX(ω) =
σ2

2π

∣
∣
∣
∣
∣
1 +

p∑

l=1

al exp(−jωl)

∣
∣
∣
∣
∣

2 , (2.6)

where al, l = 1, . . . , p are the coefficients of the AR process, and σ2 is the
variance of the noise. Let n = 256 and consider the estimation of CXX(ωk)
at frequencies ωk = 2πk/256 for

k = 41, 42, 43, 66, 67, 68, 83, 84, 85,

which correspond to two peaks and the trough between both peaks (see
the solid-line plot in Figure 2.10). We run the residual based algorithm of
Table 2.7 for several values of m = �(hn − 1)/2� to find a suitable global
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Table 2.7. A residual based bootstrap method for estimating a confidence
interval for the spectral density.

Step 1. Compute residuals. Choose a h > 0 which does not depend on ω and
compute

ε̂k =
IXX(ωk)

ĈXX(ωk;h)
, k = 1, . . . ,M.

Step 2. Rescaling. Rescale the empirical residuals to

ε̃k =
ε̂k

ε̂
, k = 1, . . . , M

where

ε̂ =
1
M

M∑

j=1

ε̂j .

Step 3. Resampling. Draw independent bootstrap residuals ε̃∗1, . . . , ε̃
∗
M from the

empirical distribution of ε̃1, . . . , ε̃M .

Step 4. Bootstrap estimates. With a bandwidth g, find

I∗XX(ωk) = I∗XX(−ωk) = ĈXX(ωk; g) ε̃∗k, k = 1, . . . , M,

Ĉ∗
XX(ω;h) =

1
nh

M∑

k=−M

K

(
ω − ωk

h

)

I∗XX(ωk).

Step 5. Confidence bands estimation. Repeat Steps 3−4 and find c∗U (and proceed
similarly for c∗L) such that

Prob∗

[√
nh

Ĉ∗
XX(ω;h)− ĈXX(ω; g)

ĈXX(ω; g)
≤ c∗U

]

=
α

2
.

That is
ĈXX(ω;h)

1 + c∗U (nh)−1/2

is the upper bound of a 100(1− α)%-confidence interval for CXX(ω).

bandwidth (Franke and Härdle, 1992). It lies somewhere around h = 0.1
which corresponds to m = 6. We then proceed with B = 1000 bootstrap
replications, calculate the confidence bands for each replication, and derive
the coverage percentage of the true spectral density given by (2.6), for both
the residual based and the χ2 based approximations as outlined in Chapter 1.



2.1 The principle of resampling 39

The results are shown in Table 2.8, where we provide the lower bound, the
upper bound, and the coverage for the above frequencies. A typical result
showing confidence intervals for spectral density of Xt for one realisation is
presented in Figure 2.10 along with the true density given by (2.6).

Table 2.8. Comparative results of the performance of the residual based
bootstrap method and the χ2 method for an AR(5) process driven by

Gaussian noise.

Residual based method χ2 method

ωk Lower Upper Coverage Lower Upper Coverage

1.0063 0.028 0.089 0.883 0.005 0.083 0.912
1.0308 0.029 0.097 0.874 0.004 0.088 0.908
1.0554 0.027 0.101 0.872 0.004 0.082 0.914
1.6199 0.058 0.065 0.877 0.034 0.009 0.957
1.6444 0.056 0.071 0.873 0.035 0.007 0.958
1.6690 0.054 0.069 0.877 0.030 0.012 0.958
2.0371 0.037 0.096 0.867 0.011 0.074 0.915
2.0617 0.036 0.097 0.867 0.007 0.080 0.913
2.0862 0.034 0.094 0.872 0.008 0.090 0.902

Now, we run the same experiment for a non-Gaussian process,

Yt = Yt−1 − 0.7Yt−2 − 0.4Yt−3 + 0.6Yt−4 − 0.5Yt−5 + ζt,

where ζt are independent uniformly distributed variables U [−π, π), with
mean zero and variance σ2 = π2/12. Here again n = 256, but we consider
the frequencies ωk = 2πk/256 of Yt for

k = 26, 27, 28, 52, 53, 54, 95, 96, 97,

which correspond to two peaks and the minimum of the true spectral density
(see solid line plot in Figure 2.11). The results for 1000 replications are
presented in Table 2.9, where we provide the lower bound, the upper bound,
and the coverage. A typical result of confidence bands of the spectral density
of Yt for one realisation is presented in Figure 2.11 along with the true
density given by (2.6). A Matlab function bspecest.m for bootstrapping
kernel spectral densities based on resampling from the periodogram of the
original data is given in Appendix 2.
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Fig. 2.10. 95% confidence bands for the spectral density of a strictly stationary
real-valued time series Xt in Example 2.1.10 using the residual based bootstrap
method (top) and the χ2 approximation (bottom). The true spectral density and
its kernel estimate is indicated by a solid and dotted line, respectively.

The results provided in the previous example clearly show that the con-
fidence interval for spectral densities derived using the bootstrap approxi-
mates the theoretical result. The advantage of the bootstrap method lies in
the fact that it does not assume the distribution of the process to be known
or make the assumption that the sample size is large. Thus, it can be used
in a more general context of power spectral density estimation.
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Table 2.9. Comparative results of the performance of the residual based
bootstrap method and the χ2 method for an AR(5) process driven by

uniformly distributed noise.

Residual method χ2 method

ωk Lower Upper Coverage Lower Upper Coverage

0.6381 0.003 0.200 0.797 0.000 0.247 0.753
0.6627 0.001 0.250 0.749 0.000 0.339 0.661
0.6872 0.001 0.297 0.702 0.000 0.409 0.591
1.2763 0.000 0.451 0.549 0.000 0.635 0.365
1.3008 0.001 0.408 0.591 0.000 0.554 0.446
1.3254 0.002 0.297 0.701 0.001 0.393 0.606
2.3317 0.025 0.108 0.867 0.009 0.028 0.963
2.3562 0.026 0.113 0.861 0.007 0.029 0.964
2.4298 0.028 0.113 0.859 0.007 0.035 0.958

The above examples indicate that in signal processing applications we
are often able to reformulate the problem and still use the basic resampling
scheme for iid data. Let us consider another example, in which we resample
residuals.

Example 2.1.11 Confidence intervals for the bicoherence.

Given observations of a process, we wish to estimate confidence bands for the
bicoherence, defined as a variance-normalised magnitude of the bispectrum
(Brillinger, 1981). Suppose that X1, . . . , Xn are a model for observations
from a strictly stationary real-valued random process Xt, t ∈ Z, with zero
mean µX = 0, a finite variance σ2

X < ∞, and bispectrum CXXX(ωj , ωk),
−π ≤ (ωj , ωk) ≤ π.

With Cramér representation (Brillinger, 1981)

X(t) =
∫ π

−π
ejωtdZX(ω),

where dZX(ω) are orthogonal increments, the bispectrum is defined through

CXXX(ωj , ωk)dωjdωk =
∫ π

−π
E
[
dZX(ωj)dZX(ωk)d̄ZX(ωj + ωk)

]

=
∫ π

−π
cum [dZX(ωj), dZX(ωk), dZX(−ωj − ωk)] ,

where cum[·] denotes the cumulant.
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Fig. 2.11. 95% confidence bands for the spectral density of a strictly stationary
real-valued time series Yt in Example 2.1.10 using the residual based bootstrap
method (top) and the χ2 approximation (bottom). The true spectral density and
its kernel estimate is indicated by a solid and dotted line respectively.

Let us divide the observations Xt, t = 0, . . . , T −1 into P non-overlapping
segments of n consecutive measurements and calculate for each segment
i = 1, . . . , P the biperiodogram defined as

I
(i)
XXX(ωj , ωk) =

1
n

d
(i)
X (ωj)d

(i)
X (ωk)d̄X

(i)(ωj + ωk), −π ≤ ωj , ωk ≤ π ,
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with d
(i)
X (ωi) being the finite Fourier transform of the ith segment and d̄X

its complex conjugate. An estimate of CXXX(ωj , ωk) is obtained through

ĈXXX(ωj , ωk) =
1
P

P∑

i=1

I
(i)
XXX(ωj , ωk).

Other estimators of the bispectrum such as the smoothed biperiodogram
may be used instead. It is important that the estimator is consistent; knowl-
edge of its (asymptotic) distribution is unnecessary for confidence interval
estimation.

An independent data bootstrap based on resamples of ĈXXX(ωj , ωk) for
estimation of its distribution is not straightforward due to the structure
of ĈXXX(ωj , ωk), including dependence of bispectral estimates (Zoubir and
Iskander, 1999).

Potentially a block of blocks bootstrap procedure described in Section 2.1.4
can be used to resample the bispectrum estimates. However, the procedure
requires much larger sample sizes limiting its application to real-world prob-
lems. One may argue, that an approach similar to that of bootstrapping
kernel estimates as shown in the previous example can be used (Franke and
Härdle, 1992; Chen and Romano, 1999).

However, the way we form the approximate regression is not always straight-
forward. Here, we write

I
(i)
XXX(ωj , ωk) = CXXX(ωj , ωk) + εj,kV (ωj , ωk), (j, k) ∈ D, (2.7)

where

V (ωj , ωk)2 = nCXX(ωj)CXX(ωk)CXX(ωj + ωk)

× [1 + δ(j − k) + δ(n− 2j − k) + 4δ(n− 3j)δ(n− 3k)],

CXX(ω) is the spectrum of Xt, δ(k) is Kronecker’s delta function, ωj =
2πj/n and ωk = 2πk/n are discrete frequencies and D = {0 < k ≤ j, 2j +
k ≤ n}. From the above regression, we can design a procedure similar to
the one we used for estimating confidence intervals for power spectra.

To resample the residuals in the regression (2.7) we assume that εj,k are
independent and identically distributed random variates. This assumption
holds for a reasonably large n. We note that the magnitude of the correlation
between biperiodograms I

(i)
XXX(ωj , ωk) and I

(i)
XXX(ωj′ , ωk′) is approximately

of order O(n−2) for j 
= j′ and k 
= k′ (O(n−1) for “exclusive or” cases).
The complete bootstrap procedure is shown in Table 2.10.
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Table 2.10. A bootstrap algorithm for estimating a confidence interval for
the bicoherence.

Step 1. Test statistics: Calculate I
(i)
XX(ωj), I

(i)
XXX(ωj , ωk), ĈXX(ωj),

ĈXXX(ωj , ωk), σ̂(ωj , ωk) (using the bootstrap) and

C̃ =
∑

j,k∈D

|ĈXXX(ωj , ωk)|
σ̂(ωj , ωk)

.

Step 2. Calculate residuals: For each segment, estimate the residuals

ε̂
(i)
j,k =

I
(i)
XXX(ωj , ωk)− ĈXXX(ωj , ωk)

V̂ (ωj , ωk)
, j, k ∈ D .

Step 3. Centre residuals: Centre the residuals to obtain ε̃
(i)
j,k = ε̂

(i)
j,k − ε̄(i),

i = 1, . . . , P , where ε̄(i) is an average over all ε̂
(i)
j,k.

Step 4. Resampling: Draw independent bootstrap residuals ε̃
(i)∗
j,k .

Step 5. Compute bootstrap estimates: Compute the bootstrap biperiodogram

I
(i)∗
XXX(ωj , ωk) = ĈXXX(ωj , ωk) + ε̃

(i)∗
j,k V̂ (ωj , ωk),

obtain the bootstrap bispectral estimate

Ĉ∗
XXX(ωj , ωk) =

1
P

P∑

i=1

I
(i)∗
XXX(ωj , ωk) ,

and compute the bootstrap estimate of bicoherence

C̃∗ =
Ĉ∗

XXX(ωj , ωk)
σ̂(ωj , ωk)

.

Step 6. Repetition: Repeat Steps 4 and 5 a large number of times, to obtain a
total of B bootstrap estimates C̃∗

1 , . . . , C̃∗
B .

Step 7. Confidence band estimation: Rank the collection C̃∗
1 , . . . , C̃∗

B into increas-
ing order to obtain C̃∗

(1) ≤ · · · ≤ C̃∗
(B), for each frequency pair (ωj , ωk). The

desired 100(1 − α)% bootstrap confidence interval is (C̃∗
(q1)

, C̃∗
(q2)

), where
q1 = �Bα/2� and q2 = B − q1 + 1.

In Figure 2.12, we show the lower and upper 95% confidence band for the
bicoherence of a white Gaussian process. In this example the total sample
size is T = 4096 while the segment length is n = 64.
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Fig. 2.12. Lower (bottom) and upper (top) confidence bands of the bicoherence of
a white Gaussian process in Example 2.1.11.

In the following example, we continue with confidence interval estimation
for spectral densities, but this time we will use the block of blocks (dou-
ble block) and the circular block bootstrap methods. The block of blocks
bootstrap method was proposed for setting confidence bands for spectra by
Politis et al. (1992b) and its principle is described in Table 2.11.
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Example 2.1.12 Confidence interval estimation for spectral densi-
ties: the block of blocks bootstrap method.

Consider the two AR processes from Example 2.1.10

Xt = 0.5Xt−1 − 0.6Xt−2 + 0.3Xt−3 − 0.4Xt−4 + 0.2Xt−5 + εt,

and

Yt = Yt−1 − 0.7Yt−2 − 0.4Yt−3 + 0.6Yt−4 − 0.5Yt−5 + ζt.

We will now use a larger sample with n = 2000 so that it is feasible to
perform double block bootstrapping. The block sizes and overlaps are set
to L = 128, M = 20, l = 6, and h = 2. The number of bootstrap resamples
is chosen to be B = 100. Typical results of confidence bands of the spec-
tral density of Xt and Yt are shown in Figure 2.13. The true densities are
indicated by solid lines.

Table 2.11. Block of blocks bootstrap for estimating a confidence interval
for spectral densities.

Step 1. First block. Given X1, . . . , Xn, obtain Q overlapping (0 < M < L) or
non-overlapping (M = 0) segments of L samples and estimate Ĉ

(i)
XX(ω),

i = 1, . . . , Q.

Step 2. Second block. Divide Ĉ
(1)
XX(ω), . . . , Ĉ(Q)

XX(ω) into q overlapping (0 < h < l)
or non-overlapping (h = 0) blocks, say Cj , j = 1, . . . , q, each containing l
estimates.

Step 3. Resampling. Generate k bootstrap samples y∗
1 , . . . , y∗

k of size l each, from
C1, . . . , Cq.

Step 4. Reshaping. Concatenate y∗
1 , . . . , y∗

k into a vector Y∗ and estimate
Ĉ∗

XX(ω).

Step 5. Confidence interval. Repeat Steps 3–4 and proceed as before to obtain a
confidence interval for CXX(ω).

In the case where one has n observations, the number of blocks that can be
formed is given by Q = �(n−L)/M�+1, where L−M denotes the overlapping
distance. Thus, there are situations where not all information is retrieved
from the data and the distribution of an estimate derived from blocks is
biased. A simple way to have an unbiased bootstrap distribution is to wrap



2.1 The principle of resampling 47

0 20 40 60 80 100 120
0

2

4

6

8

10

12

Fre q uenc y S[ k ]

SpectralS
density

0 20 40 60 80 100 120
10

-2

10
-1

10
0

10
1

10
2

FrequencyS[k]

SpectralS
density

Fig. 2.13. 95% confidence bands for the spectral densities of Xt (top) and Yt (bot-
tom) from Example 2.1.12 using the block of blocks bootstrap method. The true
spectral densities are indicated by solid lines.

the observations Xi around the circle and use the circular block bootstrap
(Politis and Romano, 1992b). The advantage is to be able to set the number
of blocks Q or q so as to obtain unbiased estimates. Typical results of
confidence bands for the spectral densities of the considered AR processes
Xt and Yt are shown in Figure 2.14 when using the circular block bootstrap.
Again, the true densities are indicated by solid lines. For n = 2000 there is
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not much difference between the two results in Figures 2.13 and 2.14. The
difference between the block of blocks and the circular bootstrap will be more
pronounced when significant data is left in the moving block resampling. A
Matlab function bspecest2.m for bootstrapping spectral densities based on
a moving block bootstrap is given in Appendix 2.
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Fig. 2.14. 95% confidence bands for the spectral density of Xt (top) and Yt (bottom)
from Example 2.1.12 using the circular block bootstrap. The true spectral densities
are indicated by solid lines.
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A rigorous performance analysis of the block of blocks and circular boot-
strap procedures as compared to the χ2 method is difficult because there
are many parameters to be optimised such as the length of the segments
in each block and the length of the overlapping distances in the block of
blocks bootstrap or the number of segments in each block in the circular
block bootstrap. The reader interested in these issues is referred to the
work of Politis and Romano (1992a,b, 1994) and Politis et al. (1992b). Other
applications of bootstrap methods in the context of spectral density estima-
tion can be found in the work of Paparoditis (1996b); Paparoditis and Politis
(1999); Zoubir and Iskander (1999). An interesting more recent technique of
resampling weakly dependent data is called the threshold bootstrap (Park
and Willemain, 1999). In this method a threshold is set across the data
and a cycle is defined that consists of alternating runs above and below the
threshold. The data is resampled in blocks of a length that is some multiple
of the cycle.

2.2 The principle of pivoting and variance stabilisation

We mentioned in an earlier example (see Table 2.4) that a straightforward
application of the bootstrap for confidence interval estimation leads to a
coverage that is smaller than its nominal value. One way to remedy this
problem is to consider a pivotal statistic. A statistic Tn(X, θ) is called pivotal
if it possesses a fixed probability distribution independent of θ (Lehmann,
1991; Cramér, 1999).

Hall (1992) notes that bootstrap confidence intervals or tests have ex-
cellent properties even for a relatively low fixed number of resamples. For
example, one can show that the coverage error in confidence interval estima-
tion with the bootstrap is of order Op(n−1) as compared to Op(n−1/2) when
using the Gaussian approximation. The claimed accuracy holds whenever
the statistic is asymptotically pivotal (Hall and Titterington, 1989; Hall,
1992). A confidence interval based on a pivotal bootstrap statistic is known
as a percentile-t confidence interval (Efron, 1987; Hall, 1988).

To ensure pivoting, the statistic is usually “studentised”, i.e., we form

Tn =
θ̂ − θ

σ̂θ̂

.

Using the above transformation for location statistics, such as the sample
mean and the sample median leads to good results with the bootstrap (Efron
and Tibshirani, 1993). Note, however, that pivoting often does not hold
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unless a variance stabilising transformation for the parameter estimate of
interest is applied first.

There are situations where it is possible to find a variance stabilising trans-
formation such as in the case of the correlation coefficient as we will discuss
in an example. However, in many applications a variance stabilising trans-
formation for a statistic of interest is not known. An interesting approach for
estimating variance stabilising transformations was introduced by Tibshirani
(1988). The method estimates a variance stabilising transformation using
an initial double bootstrap step, computes a so-called percentile-t confidence
interval for the transformed statistic, and then transforms this interval back
to the original scale. Tibshirani’s idea can be used to construct confidence
intervals for parameter estimators or statistical tests as it will be shown in
Chapter 3. Advantages of Tibshirani’s approach is that it is “automatic”–
the stabilising transformation is derived from the data and does not need
to be known in advance, and that it is invariant under monotonic trans-
formations. The bootstrap principle for variance stabilisation along with
bootstrap quantile estimation is outlined in Table 2.12.

Table 2.12. The principle of variance stabilisation and quantile estimation.

Step 1. Estimation of the variance stabilising transformation.
(a) Generate B1 bootstrap samples X ∗

i from X and for each calculate
θ̂∗i , i = 1, . . . , B1. Let, for example, B1 = 100.

(b) Generate B2 bootstrap samples from X ∗
i , i = 1, . . . , B1, and calcu-

late σ̂∗2
i , a bootstrap estimate for the variance of θ̂∗i , i = 1, . . . , B1.

Let, for example, B2 = 25.

(c) Estimate the variance function ζ(θ) by smoothing the values of σ̂∗2
i

against θ̂∗i , using, for example, a fixed-span 50% “running lines”
smoother.

(d) Estimate the variance stabilising transformation h(θ̂) from

h(θ) =
∫ θ

{ζ(s)}−1/2ds.

Step 2. Bootstrap quantile estimation. Generate B3 bootstrap samples and com-
pute θ̂∗i and h(θ̂∗i ) for each sample i. Approximate the distribution of
h(θ̂)− h(θ) by that of h(θ̂∗)− h(θ̂).

Section A1.4 of Appendix 1 provides a Matlab routine that performs
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variance stabilisation. We use the sample mean as our statistic θ̂. The rou-
tine uses the function smooth.m which is a running line smoother that fits the
data by linear least squares (Hastie and Tibshirani, 1990) (see Appendix 2).
This smoother fits a least-squares regression line in symmetric windows cen-
tred at each θ̂∗i , i = 1, . . . , B1. Note that any other smoothing procedure is
acceptable. We have found that the running line smoother is simple and in
most cases performs satisfactorily.

2.2.1 Some examples

In this section, we provide some examples that show how important variance
stabilisation is in the estimation of confidence intervals.

Example 2.2.1 Confidence interval for the mean with a pivotal
statistic.

Consider again the problem of finding a confidence interval for the mean
as in Example 2.1.5. Let X = {X1, . . . , Xn} be a random sample from
some unknown distribution with mean µX and variance σ2

X . We want to
find an estimator of µX with a 100(1 − α)% confidence interval. Let µ̂X

and σ̂2
X be the sample mean and the sample variance of X , respectively.

As an alternative to Example 2.1.5, we will base our method for finding a
confidence interval for µX on the statistic

µ̂Y =
µ̂X − µX

σ̂
, (2.8)

where σ̂ is the standard deviation of µ̂X . It is known that the distribution
of this statistic is, asymptotically for large n, free of unknown parame-
ters (Kendall and Stuart, 1967). The bootstrap algorithm for estimating a
confidence interval for the mean based on the pivotal statistic (2.8) is shown
in Table 2.13.

The nested bootstrap for estimating the standard deviation of µ̂X in Step 1
of Table 2.13 is performed similarly to the variance estimation presented in
Table 2.3 and is as follows. We use a small number of resamples, B1, where
for each resample we estimate µX to get µ̂

∗(b)
X , b = 1, . . . , B1. Then, we

estimate σ̂ by taking

σ̂2 =
1

B1 − 1

B1∑

i=1



µ̂
∗(i)
X −

B1∑

j=1

µ̂
∗(j)
X





2

.

As noted earlier, the number of resamples for variance estimation does not
have to be large and is typically set to B1 = 25. The nested bootstrap, often
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Table 2.13. The bootstrap principle for estimating a confidence interval for
the mean using a pivotal statistic.

Step 0. Experiment. Conduct the experiment and collect the random data into
the sample X = {X1,X2, . . . , Xn}.

Step 1. Parameter estimation. Based on X , calculate µ̂X and its standard devia-
tion σ̂, using a nested bootstrap.

Step 2. Resampling. Draw a random sample, X ∗, with replacement, from X .

Step 3. Calculation of the pivotal statistic. Calculate the mean of all values in X ∗
and using a nested bootstrap, calculate σ̂∗. Then, form

µ̂∗
Y =

µ̂∗
X − µ̂X

σ̂∗

Step 4. Repetition. Repeat Steps 2–3 many times to obtain a total of B bootstrap
estimates µ̂∗

Y,1, . . . , µ̂
∗
Y,B .

Step 5. Ranking. Sort the bootstrap estimates to obtain µ̂∗
Y,(1) ≤ µ̂∗

Y,(2) ≤ . . . ≤
µ̂∗

Y,(B).

Step 6. Confidence interval. If
(

µ̂∗
Y,(q1)

, µ̂∗
Y,(q2)

)

is an interval containing (1−α)B
of the means µ̂∗

Y , where q1 = �Bα/2� and q2 = B − q1 + 1, then
(

µ̂X − σ̂µ̂∗
Y,(q2)

, µ̂X − σ̂µ̂∗
Y,(q1)

)

is a 100(1− α)% confidence interval for µX .

referred to as the double bootstrap, adds a significant computational cost.
For example, for typical values of B = 1000 and B1 = 25, the total number
of bootstrap resamples becomes 25,000. This is not a problem when calcu-
lating simple statistics such as the mean. However, in some applications the
computational expense may prohibit the use of a bootstrap pivotal statistic.
To overcome this problem one may use a variance stabilising transformation
as discussed above. For example, if we use the values for B1 = 100, B2 = 25
and B = 1000 in Table 2.12, the total number of resamples is reduced from
25,000 to 3,500. More techniques available to reduce the number of compu-
tations in a double bootstrap setting are found in the works of Efron (1990);
Karlsson and Löthgren (2000).
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Matlab code for estimating the confidence interval for the mean based
on a pivotal statistic is shown in Section A1.4 of Appendix 1, where the set
of data is the same as in Example 2.1.5.

For the same random sample X as in Example 2.1.5, we obtained the con-
fidence interval (3.54, 13.94) as compared to the true interval (6.01, 13.87).
This interval is larger than the one obtained earlier and enforces the state-
ment that the interval obtained with a non-pivotal statistic has coverage
less than the nominal 95%. It also yields better results than an interval
derived using the assumption that µ̂Y is Gaussian distributed or the (bet-
ter) approximation that µ̂Y is tn−1 distributed. The interval obtained here
accounts for skewness in the underlying population and other errors (Hall,
1988, 1992; Efron and Tibshirani, 1993).

Example 2.2.2 Confidence interval for the correlation coefficient
using variance stabilisation.

Let θ = � be the correlation coefficient of two unknown populations, and
let �̂ and σ̂2 be estimates of � and the variance of �̂, respectively, based on
X = {X1, . . . , Xn} and Y = {Y1, . . . , Yn}. Let then X ∗ and Y∗ be resamples,
drawn with replacement from X and Y, respectively, and let �̂∗ and σ̂∗2 be
bootstrap versions of �̂ and σ̂2.

By repeated resampling from X and Y we compute ŝα and t̂α, such that
with 0 < α < 1

Prob [ (�̂∗ − �̂)/σ̂∗ ≤ ŝα | X ,Y] =
α

2
= Prob

[
(�̂∗ − �̂)/σ̂∗ ≥ t̂α

∣
∣ X ,Y] .

Using the percentile-t method, we can calculate the confidence interval for
� using

I(X ,Y) =
(
�̂ + σ̂t̂α , �̂ + σ̂ŝα

)
.

For the correlation coefficient a stabilising and normalising transformation
is known (Fisher, 1970; Anderson, 1984). It is given by

�̆ = tanh−1 �̂ =
1
2

log
1 + �̂

1− �̂
.

We could first find a confidence interval for ξ = tanh−1 � and then transform
the endpoints back with the inverse transformation � = tanh ξ to obtain a
confidence interval for �.
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For X and Y bivariate Gaussian (�̆ ∼ N (ξ, 1/(n − 3))), for example, a
95% confidence interval for � is obtained from

(

tanh
( −1.96√

n− 3
+ �̆

)

, tanh
(

1.96√
n− 3

+ �̆

))

. (2.9)

Suppose that X = Z1 + W and Y = Z2 + W , where Z1, Z2 and W

are pairwise independent and identically distributed. One can easily show
that the correlation coefficient of X and Y is � = 0.5. Let z1,i, z2,i and
wi, i = 1, . . . , 15, be realisations of Z1, Z2 and W , respectively. Assume
further that these realisations are drawn from the Gaussian distribution
and calculate xi, yi, i = 1, . . . , 15. Based on xi and yi, i = 1, . . . , 15, we
found �̂ = 0.36 and using (2.9) the 95% confidence interval (−0.18, 0.74) for
�. On the other hand, we used the bootstrap percentile-t method similar
to the one described in Table 2.13 for the mean and found with B = 1000
the 95% confidence interval to be (−0.05, 1.44). We also used Fisher’s z-
transform and calculated, based on the bootstrap, a confidence interval for
the transformed parameter ξ = tanh−1 �, but without assuming a bivariate
Gaussian distribution for (X, Y ). We then transformed the end points of
the confidence interval back with the inverse transformation tanh to yield
the confidence interval (−0.28, 0.93) for �.

In both bootstrap approaches we have used a jackknife variance estimate
(Miller, 1974; Hanna, 1989). The jackknife which can be thought of as a
resampling procedure without replacement but of size n− 1 is explained in
Section 3.4. However, any other method for variance estimation is applica-
ble. It should be mentioned that because � is bounded within the interval
[−1, 1], the interval found using the percentile-t method is over-covering,
being larger than the two other ones. Therefore, finding a confidence in-
terval for the transformed parameter and then transforming the endpoints
back with the inverse transformation yields a better interval than the one
obtained using the percentile-t method. We have never observed in the simu-
lations we ran, that the transformed percentile-t confidence interval obtained
contained values outside the interval [−1, 1].

Furthermore, we considered a bootstrap-based variance stabilising trans-
formation as an alternative to Fisher’s z-transform, as illustrated in Ta-
ble 2.12. The smoothing in Step 1(c) was performed using a fixed-span
50% “running lines” smoother (Hastie and Tibshirani (1990)). The in-
tegration in Step 1(d) was approximated by a trapezoid rule. We used
B1 = 100, B3 = 1000 and a bootstrap variance estimate with B2 = 25. The
so obtained variance stabilising transformation is depicted in Figure 2.15
along with Fisher’s z-transform applied to the same bootstrap values θ̂∗i ,
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i = 1, . . . , 1000. Note that the scale difference between the two variance sta-
bilising transformations is not of importance. Rather, the particular shape
of each of the transformations is responsible for the final estimate.
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Fig. 2.15. Variance stabilising transformation for the correlation coefficient from
Example 2.2.2, estimated using B1 = 100 and B2 = 25. The solid line is a plot of
Fisher’s z-transform.

To demonstrate the effect of the variance stabilising transformation, we
estimated the standard deviation of 1000 bootstrap estimates of θ = � us-
ing the bootstrap (see Table 2.3 with B = 25) resulting in the graph of
Figure 2.16. The graph shows the dependence of the standard deviation
with respect to θ̂∗ = �̂∗. After taking 1000 new bootstrap estimates �̂∗i ,
i = 1, . . . , 1000 and applying the transformation of Figure 2.15, we obtained
the more stable standard deviations of Figure 2.17.

For comparison, we have also reproduced in Figure 2.18 the standard de-
viation of new 1000 bootstrap estimates �̂∗i , i = 1, . . . , 1000 after applying
Fisher’s z-transform depicted in Figure 2.15 (solid line). The results show
that the bootstrap method is satisfactory for estimating the variance stabil-
ising transformation, which will lead to more accurate confidence intervals
in situations where a variance stabilising transformation is not known.

To construct a confidence interval for θ with the method of Table 2.12, we
first need to find an interval for h(θ) and then back-transform the interval for
h(θ), to give (h−1(h(θ̂)− t̂1−α), h−1(h(θ̂)− t̂α)), where t̂α is the αth critical
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Fig. 2.16. Bootstrap estimates of the standard deviation of B3 = 1000 bootstrap
estimates of the correlation coefficient from Example 2.2.2 before variance stabili-
sation.

point of the bootstrap distribution of h(θ̂∗)− h(θ̂). For the same data z1,i,
z2,i and wi, i = 1, . . . , 15, we obtained the confidence interval (0.06, 0.97).
This interval is much tighter than the one obtained using the transformed
percentile-t method based on Fisher’s z-transform.

As discussed earlier, estimating the variance with a variance stabilising
transformation requires much fewer resamples than the equivalent double
bootstrap implementation. We will later discuss this issue in the context of
hypothesis testing (see Example 3.4.2).

A signal processing application of a bootstrap based variance stabilisation
has been reported by Zoubir and Böhme (1995). They considered the prob-
lem of sensor placement for knock detection in spark-ignition engines. The
approach was to test the closeness to zero of the coherence gain between
vibration and cylinder pressure signals. However, the distribution and the
variance stabilisation transformation of the test statistic were intractable.
In Chapter 5, we summarise the variance stabilisation aspect of this appli-
cation.
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Fig. 2.17. Bootstrap estimates of the standard deviation of B3 = 1000 new boot-
strap estimates of the correlation coefficient from Example 2.2.2 after variance
stabilisation, obtained through bootstrap. The confidence interval found was
(0.06, 0.97).

2.3 Limitations of the bootstrap

The bootstrap does not always work. Examples of bootstrap failure have
been reported from the very beginning of its development (Bickel and Freed-
man, 1981; Mammen, 1992; Young, 1994; Hu and Hu, 2000). Generally
speaking, one cannot resample data which stems from a distribution with
infinite variance. However, there is still some disagreement on this issue be-
tween statisticians (see work of Gine and Zinn (1989) versus that of Athreya
(1987)).

Leaving this statistical polemic aside, from an engineering point of view
we can assume that the bootstrap principle may not properly work with
data that have an infinite variance, for example for α-stable (α < 2) dis-
tributed data. As noted by Politis (1998), if we take a random sample
X = {X1, . . . , Xn} from a standard Cauchy distribution, the bootstrap will
behave erratically even for a large sample size. Other cases of failure are
possible – below we give a simple example.
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Fig. 2.18. Bootstrap estimates of the standard deviation of B3 = 1000 bootstrap
estimates of the correlation coefficient from Example 2.2.2 after applying Fisher’s
variance stabilising transformation tanh−1.

Example 2.3.1 A failure of the non-parametric bootstrap.

Let X ∼ U(0, θ) and X = {X1, X2, . . . , Xn}. Suppose we wish to estimate
θ by θ̂ and its distribution F̂Θ̂(θ̂). The maximum likelihood estimator of θ

is given by

θ̂ = max(X1, X2, . . . , Xn) = X(n).

To obtain an estimate of the density function of θ̂ we sample with replace-
ment from the data and each time estimate θ̂∗ from X ∗. Alternatively,
we could sample from U(0, θ̂) and estimate θ̂∗ from X ∗ using a parametric
bootstrap approach.

Here, we run an example with θ = 1, n = 50 and B = 1000. The maximum
likelihood estimate of θ is found to be θ̂ = 0.9843. In Figure 2.19, we show
histograms of θ̂∗ for the non-parametric and the parametric bootstrap. Note
that the non-parametric bootstrap shows approximately 64% of values of θ̂∗

that are equal to θ̂. In fact, Prob[θ̂∗ = θ̂] = 1−(1−1/n)n −→ 1−e−1 ≈ 0.632
as n −→∞. In this example the non-parametric bootstrap failed to capture
the distribution of θ̂ while the parametric bootstrap is able to. Matlab

code for this example is given in Section A1.5 of Appendix 1.
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Fig. 2.19. The histogram of θ̂∗ from Example 2.3.1 for a parametric bootstrap (top)
and a non-parametric bootstrap (bottom).

2.4 Trends in bootstrap resampling

The concept of bootstrap resampling has been well established over the last
two decades. As indicated in the introduction, the bootstrap has found a
wide range of applications supporting and in some cases replacing traditional
techniques which are usually based on asymptotic approximations. This
does not mean that the development of the bootstrap theory is complete.
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There are several interesting derivatives of the classical non-parametric boot-
strap.

The balanced bootstrap has been suggested by Davison et al. (1986).
In a balanced bootstrap, also known as Latin hypercube resampling (Hall,
2001), the data is resampled in such a way that each of the data points
appears the same number of times in the collection of resamples. This
reduces the variability of bootstrap resampling, ensuring that the total mean
of bootstrap resamples equals the original sample mean.

An alternative to the balanced bootstrap has been proposed by Rao et al.
(1997). They note that a bootstrap resample is not equally informative as
the original sample, and they propose to resample sequentially with replace-
ment until all data in the original sample is used. This leads to resamples
of random lengths.

Several methods have been proposed to minimise the computational cost
of bootstrap resampling (Efron, 1990; Karlsson and Löthgren, 2000) and
efficient parallel implementation of the bootstrap on a hypercube computer
was proposed by Xu and Shiue (1991).

2.5 Summary

In this chapter, we have introduced the ideas behind the bootstrap principle.
We have discussed the non-parametric as well as the parametric bootstrap.
The exposure of the bootstrap has been supported with numerous examples
for both iid as well as dependent data. We have covered bootstrap methods
for dependent data, such as the moving block bootstrap, but we have also
shown, by way of example, how one can use the independent data bootstrap
to tackle complicated data structures such as autoregressions. The examples
presented in this chapter demonstrate the power of the bootstrap and its
superior performance compared to classical methods based, for example,
on asymptotic theory. This being said, care is required when applying the
bootstrap. Thus, we reported a case where the bootstrap fails.

The reader should note the following points, which we have emphasised
throughout the chapter.

• The parametric bootstrap outperforms the non-parametric bootstrap when
the number of samples is small. However, this holds only if the assumed
model is correct. Generally speaking, the non-parametric bootstrap is
more robust than the parametric bootstrap.

• It is relatively easy to use the bootstrap in linear models if the errors are
iid. This, however, may not be given in practice. The approach would
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be to use a dependent data resampling scheme, such as the moving block
bootstrap. This, however, requires large sample sizes (say n > 1000).
It is often worth the effort to attempt to linearise the problem and use
the concept of residuals. Sometimes this approach is not possible in the
time-domain. The alternative is to resample residuals, which are defined
in the Fourier domain, and create new dependent observations from the
resamples.

• We have discussed pivoting and variance stabilisation because they play a
crucial role in ensuring statistical accuracy. This issue is further discussed
in Chapter 3. It is worth noting that the variance stabilisation requires less
computation than a nested bootstrap. This saving can be huge in some
problems, such as confidence interval estimation, where one can reduce
the number of resamples by a factor of ten.

Finally, we would like to direct the reader to other applications where the
use of bootstrap techniques proved to be of significant value. It is worth
mentioning the following references where the bootstrap has been used to
improve the quality of parameter estimators (Arnholt et al., 1998; Kim and
Singh, 1998; Andrews, 2002) and to provide support in Bayesian analysis
(Djurić, 1997; Linville et al., 2001), especially for data with missing obser-
vations (Chung and Han, 2000; Hens et al., 2001; Kim, 2002).



3

Detection of signals in interference is a key area in signal processing appli-
cations such as radar, sonar and telecommunications. The theory of signal
detection has been extensively covered in the literature. Many textbooks ex-
ist, including the classic by Van Trees (2001a) and his later additions to the
series (Van Trees, 2001b, 2002a,b), the text on radar detection by DiFranco
and Rubin (1980), and several texts on estimation and detection (Scharf,
1991; Poor, 1994; Kay, 1993, 1998). Signal detection theory is well estab-
lished when the interference is Gaussian. However, methods for detection in
the non-Gaussian case are often cumbersome and in many cases non-optimal.

Signal detection is formulated as a test of a hypothesis (Lehmann, 1991).
To cover signal detection, we first need to introduce some concepts of hypoth-
esis testing. This is followed by an exposition of bootstrap based hypothesis
testing. In the second part of the chapter, we provide details on bootstrap
detection of signals in Gaussian and non-Gaussian noise and show how boot-
strap detection alleviates the restrictions imposed by classical detectors.

3.1 Principles of hypothesis testing

As the term suggests, in hypothesis testing one wishes to decide whether
or not some formulated hypothesis is correct. The choice is between two
decisions: accepting or rejecting the hypothesis. A decision procedure for
such a problem is called a test of the hypothesis in question.

Let f(x) be the probability density function of a random column vector
X = (X1, . . . , Xn)′. The density function can be considered as an element
of a broader set of parameterised functions, defined as

{f(x|θ) : θ ∈ Θ},
where the parameter vector θ of the parameter space Θ is unknown. The

62

Signal detection with the bootstrap
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set of all possible values of θ is divided into two mutually exclusive sets,
ΘH and ΘK. These two sets are such that ΘH is the set of all permitted
values of θ when the hypothesis is true, and ΘK is the set of all permitted
values of θ in the alternative situation when the hypothesis is false. Thus,
the hypothesis H is given by

H : θ ∈ ΘH

and the alternative by

K : θ ∈ ΘK .

In some cases, ΘH is a set with only one element θ0, and ΘK contains all
other permitted values, e.g.

H : θ = θ0,

K : θ > θ0.

In this case, the hypothesis is referred to as a simple hypothesis while the
alternative is composite.

Before we proceed with the actual principle of hypothesis testing, let us
first consider a typical scenario of radar detection as shown in Figure 3.1.

Example 3.1.1 Radar detection

In radar we may wish to determine the presence or absence of an aircraft
and subsequently to estimate its position, for example. We transmit an
electromagnetic pulse that is reflected by the aircraft, causing an echo to be
received by the antenna τ seconds later.

In the absence of background noise, detection poses no difficulty; that is,
however small the reflected signal from a target, in theory it may be detected
with sufficient gain in the receiver. Background noise, however, imposes a
limit on the minimum detectable signal. The question of target existence
is, in fact, a choice of deciding between noise alone or signal and noise. The
noise background includes both random (thermal) noise, which is present in
all systems, and often another type of noise, of an entirely different char-
acter, called clutter (Skolnik, 1990; Sekine and Mao, 1990). Random-noise
interference exists in all physical devices at temperatures above absolute
zero; clutter generally refers to unwanted back-scattered radar signals from
ground objects, sea waves, rain, etc. Additionally, the signal may be cor-
rupted by man-made interference (e.g. electromagnetic power line interfer-
ence).

Once the presence of the object (target) has been established, its range,
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Fig. 3.1. A typical scenario in radar detection.

r, is determined by the equation τ = 2r/c, where c is the speed of electro-
magnetic propagation. Clearly, if the round trip delay τ can be measured,
then so can the range. The received echo is decreased in amplitude due to
propagation losses and hence may be obscured by environmental noise. Its
onset may also be perturbed by time delays introduced by the electronics of
the receiver.

Suppose that the transmitted signal is of the form

s(t) = a(t) cos ω0t,

where a(t) is the amplitude of the signal and ω0 is the frequency of the radar
electromagnetic pulse. The received signal within the time range 0 ≤ t ≤ T

can be modelled by

X(t) =






ηa(t− τ) cos[ω0(t− τ) + φ] + Z(t), target present

Z(t), otherwise.

where η ≥ 0 is an unknown amplitude, τ is the time delay and φ is an
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unknown phase. Z(t) is noise, often assumed to be stationary. The problem
in radar detection is to decide whether η = 0 or η �= 0.

According to our previous notation, we can identify the following param-
eters and sets in this example:

θ = (η, τ, φ)′,
Θ = {(η, τ, φ) : η ≥ 0, τ ≥ 0, −π ≤ φ < π},
ΘH = {(0, τ, φ) : τ ≥ 0, −π ≤ φ < π},
ΘK = {(η, τ, φ) : η > 0, τ ≥ 0, −π ≤ φ < π}.

In practice some or all of the parameters may not be known a priori and
need to be estimated before detection can be performed. We will return
to this signal detection problem in Example 3.1.2. We now continue with
hypothesis testing.

The problem is to decide whether to accept H (e.g. no signal present), i.e.,
θ ∈ ΘH, or reject H, i.e., θ ∈ ΘK based on observations x of X, where x

is a collection of sampled values of the received continuous-time signal x(t)
and accordingly X, its random counterpart, is a model for the observations.
To intelligently make this decision, we will use the framework of statistical
hypothesis testing.

To test the hypothesis H against the alternative K we define a function of
the observations that is bounded, the so-called test function:

0 ≤ ε(x) ≤ 1.

The function ε(x) can be interpreted as a probability of deciding whether
the parameter vector θ lies in the parameter space of values permitted under
the alternative K, i.e.,

θ ∈ ΘK ,

in which case we say that we accept H with probability 1− ε(x) and K with
probability ε(x). The test is then called randomised.

In some cases, the test function ε(x) may accept only the values zero and
one, and we then say that the test is non-randomised, with a critical region
defined as

C = {x : ε(x) = 1} = {x : Tn(x) ∈ R}

where R is the rejection region and Tn(x) is some other function of the ob-
servations. Its random counterpart Tn(X) is referred to as the test statistic.
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Denoting the acceptance region by A we have

ε(x) =
{

1, if Tn(x) ∈ R
0, if Tn(x) ∈ A .

Such a deterministic test is referred to as a binary test.
The test function ε(x) may not be unique and there might be several

such functions used in a particular hypothesis testing problem. Thus, it is
important to statistically evaluate the performance of the test. To do so, we
calculate the so-called power of the test, defined by

βε(θ) = Eθ[ε(X)] =
∫ ∞

−∞
ε(x) · f(x|θ)dx ,

which is essentially the probability that, independently of the observations
x, the test function ε(x) decides for the alternative K when θ ∈ ΘK. Herein
Eθ is the expectation with respect to f(x|θ).

Another important characteristic of a hypothesis test is the level of sig-
nificance. The test ε(x) is said to be a test of level or size α for (α, H, K), if
βε(θ) ≤ α for all θ ∈ ΘH.

In most applications, we wish to use a test that has the highest power.
A test ε0(x) is called uniformly most powerful (UMP) for (α, H, K) if the
inequality

βε0(θ) ≥ βε(θ) for all θ ∈ ΘK

holds given the tests are of level α. It should be noted that in many prac-
tical cases the most powerful test depends on the values of the parameter
vector θ ∈ ΘK and according to the statement above it is not a UMP test.
However, a UMP test exists if the distribution of the observations has a
so-called monotone likelihood ratio (Lehmann, 1991; Scharf, 1991, p. 78 and
p. 124, respectively). For example, the one-parameter exponential family of
distributions with probability density function

f(x|θ) = a(θ)b(x) exp[c(θ)d(x)]

has a monotone likelihood ratio if c(θ) is a nondecreasing function (Scharf,
1991, p. 126).

As mentioned earlier, if ΘH consists only of one element {θ0} then H is
called a simple hypothesis, otherwise it is called a composite hypothesis. A
similar definition holds for K. For convenience let us denote ΘH = {θ0}
and ΘK = {θ1}. In this case we have to decide whether f(x) = f(x|θ0) or
f(x|θ1), where f(x|θ0) is the probability density function under the hypoth-
esis while f(x|θ1) is the probability density function under the alternative.
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In Example 3.1.1, η would take only the values η = 0 or η = η1 if H and K

were simple, which means that the signal to be detected is known.
In order to derive the most powerful test, we need to use an optimal-

ity criterion. Optimal hypothesis testing can be achieved using Bayes’ or
Neyman–Pearson’s criterion (Neyman and Pearson, 1928). The Neyman–
Pearson lemma tells us how to find the most powerful test of size α for
testing the simple hypothesis H against the simple alternative K.

Theorem 3.1.1 Let Θ = {θ0, θ1} and assume that the distribution of X

has a probability density f(x|θi), i = 0, 1. Then,

i) There exists a test ε0(x) for (α, H, K) and a constant Tα such that

1. βε0(θ0) =
∫ ∞

−∞
ε0(x)f(x|θ0)dx = α

2. ε0(x) =
{

1, when f(x|θ1) > Tαf(x|θ0)
0, when f(x|θ1) < Tαf(x|θ0)

ii) If a test satisfies 1. and 2. for some Tα, then it is most powerful for
(α, H, K).

iii) If ε0(x) is most powerful for (α, H, K), then for some Tα it satisfies
2. almost everywhere. It also satisfies 1. unless there exists a test of
size less than α and with power 1.

The proof of the lemma can be found in the text by Lehmann (1991).
Going back to our radar example, the hypothesis H is the situation where

no signal is present while under the alternative K both signal and noise are
present. The test function ε(x) is what is called in the engineering (radar)
community the detector. Often, we measure the probability of detection
(PD) and the probability of false alarm (PF ). These refer respectively to
βε(θ), when θ ∈ ΘK and βε(θ), when θ ∈ ΘH.

Using this terminology, we can interpret the Neyman–Pearson criterion
as the foundation for an optimal test that maximises the probability of
detection while maintaining the level of false alarm to a preset value.

The problem of signal detection can now be posed in the following frame-
work. Let

H : θ ∈ ΘH = {θ0}
K : θ ∈ ΘK = {θ1}

We wish to design a detector ε(x) for (α, H, K) where the probability of false
alarm PF = βε(θ0) = α is given. We are interested in the probability of
detection PD = βε(θ1). Note that the probability of detection is a function
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of α, PD = PD(α), and is called a receiver operating characteristic (ROC).
If ε(x) is UMP for (α, H, K) the following properties hold for PD(α) :

(i) PD(α) is nondecreasing and concave in 0 ≤ α ≤ 1
(ii) PD(α) is continuous in 0 ≤ α ≤ 1

(iii)
PD(α)

α
is nonincreasing in 0 < α < 1

(iv) lim
α→1

PD(α)
α

= 1

(v) 1 ≤ PD(α)
α

≤ 1/α

Let us consider a typical signal detection problem as illustrated in Figure 3.2.

+Transmitter Receiver� �
�Signal s

Noise Z

X = ηs + Z

Test the hypotheses:

H : η = 0
K : η > 0

Receiver Structure

Tn(X) Tn ≷ Tα
� � K

H

Fig. 3.2. A typical signal detection problem.

Example 3.1.2 A simple signal detection problem

Following the notation from Figure 3.2, consider the model

Xt = η · st + Zt, t = 1, . . . , n

or alternatively using vector notation

X = η · s + Z,

where X = (X1, . . . , Xn)′ is a collection of independent random variables.
Herein st is a known signal, e.g. (see Example 3.1.1)

st = at cos(ω0t),

where at is a sampled version of a(t), η ≥ 0 is the unknown signal amplitude
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and Zt is white noise with E[Zt] = 0 and a known variance var[Zt] = σ2
Z .

Assume that the noise is normally distributed, i.e. Z ∼ N (0, σ2
ZI), where

0 is the zero vector and I is the identity matrix.
The signal detection problem can be formulated in the following way.

Given observations x1, . . . , xn of X1, . . . , Xn, decide whether X = η · s + Z

or X = Z, i.e. whether η > 0 or η = 0. We perform the following steps.

(i) Define the hypothesis H:
The random vector X does not contain a signal s. Thus, X = Z

or equivalently η = 0. In this case the observations are normally
distributed with zero-mean and variance σ2

Z , i.e. X ∼ N (0, σ2
ZI).

(ii) Define the alternative K:
The random vector X contains the signal s, i.e. X = ηs + Z, where
η is unknown but η > 0. Then, X ∼ N (ηs, σ2

ZI).

(iii) Choose an appropriate function Tn(x) of the observations x =
(x1, . . . , xn)′ to test H:

This can be

Tn(x) = s′x.

(iv) Determine the distribution of the test statistic Tn = Tn(X) under H:

It is straightforward to show that under H, Tn = Tn(X) = s′X is
normally distributed with

E[Tn] = E[s′X] = s′E[X] = 0

and

var[Tn] = σ2
T

= E[Tn − E[Tn]]2 = E[T 2
n ]

= E[s′XX ′s] = s′E[XX ′]s
= s′(σ2

ZI)s = σ2
Zs′s.

(v) Determine the critical region C ∈ R
n of observation x, for which H is

rejected:

Note first that if the number 0 < α < 1 is a predetermined level of
significance then C is determined so that

α = Prob[X ∈ C|H] = Prob[Tn ∈ R|H]
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and C = {x : Tn(x) ∈ R}. We then have

α = Prob[Tn > Tα|H] = Prob

[
Tn

σT
>

Tα

σT
|H

]

= 1− Prob

[

U ≤ Tα

σT

]

,

where U = Tn
σT
∼ N (0, 1). The parameter Tα is obtained so that

Φ
(

Tα

σT

)

= 1− α,

where Φ is the cumulative distribution function of the standard Gaus-
sian distribution.

(vi) Given x1, . . . , xn and α the test consists of either rejecting H if Tn(x) ∈
R or accepting it if Tn(x) �∈ R.

Given α, we decide K, i.e. X contains a signal s (or we detect a
signal s) if Tn(x) > Tα. Alternatively, we decide H, i.e. X contains
no signal s if Tn(x) ≤ Tα.

The above example shows the single steps required in a detection prob-
lem. We would like to stress that in order to solve this relatively simple
problem we need to know the noise distribution. In many practical cases
the interference can simply not be modelled by a Gaussian distribution and
other techniques have to be used instead. However, before we proceed any
further, let us turn our attention to a performance analysis of the above
detector.

Calculation of Tα and PD = PD(α). We showed that

α = 1− Φ(Tα/σT ) = 1− Φ(Nα)

where Nα = Tα/σT is the value that with probability α is exceeded by a
standard Gaussian distributed random variable. Then, Tα = exp{Nα

√
s′s−

s′s/2}. We define an appropriate parameter d2 = s′s = s′s/σ2
Z , which is

proportional to the signal-to-noise power ratio (SNR), namely n ·SNR. Then
we can express Tα as

Tα = exp{Nαd− d2/2}.
The probability of detection can be obtained by

PD = Pr{Tn > Tα|K} = 1− Φ(Tα − s′s/σT )

= 1− Φ(Nα − d)

A plot of PD as a function of α is given in Figure 3.3.
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Fig. 3.3. ROC of the detector in Example 3.1.2.

Example 3.1.3 The likelihood ratio

Consider the test which decides the hypothesis θ = θ0 against the alter-
native θ = θ1, given Gaussian data X. Then, f(x|θ0) is the density of
N (µ0, C0) and f(x|θ1) is the density of N (µ1, C1). Following Neyman–
Pearson’s lemma, a UMP test checks whether f(x|θ1) ≷ f(x|θ0). Because
for the Gaussian distribution fX(x) > 0, the test checks whether

Λ(x) =
f(x|θ1)
f(x|θ0)

≷ Tα

or equivalently

ln Λ(x) = ln f(x|θ1)− ln f(x|θ0) ≷ lnTα ,

where Λ(x) is called the likelihood ratio and lnΛ(x) is the log-likelihood
ratio. A likelihood ratio can also be formulated for complex random vectors.
When the random vector is circularly symmetric, the likelihood ratio is
often formulated in terms of the first order amplitude probability density
functions (Conte et al., 1995).
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For Gaussian densities, the log-likelihood ratio leads to

ln Λ(x) =
1
2
(ln |C0| − ln |C1|+ µ′

0C
−1
0 µ0 − µ′

1C
−1
1 µ1)

+ (µ′
1C

−1
1 − µ′

0C
−1
0 )x +

1
2
x′(C−1

0 −C−1
1 )x

A uniformly most powerful test for (α, H, K) is then given by

ε0(x) =






1, when ln Λ(x) > lnTα

or Tn(x) = (µ′
1C

−1
1 − µ′

0C
−1
0 )x + 1

2x′(C−1
0 −C−1

1 )x > T ′
α

0, otherwise

for a suitable Tα = Tα(α), provided µ0 �= µ1, and C0 �= C1 with T ′
α =

ln Tα − 1
2(ln |C0| − ln |C1|+ µ′

0C
−1
0 µ0 − µ′

1C
−1
1 µ1).

3.1.1 Sub-optimal detection

In the Neyman–Pearson criterion, the distribution under the hypothesis is
assumed to be known. Note however that in many practical signal de-
tection problems it is not possible to derive parametrically or otherwise a
UMP test, especially in the case where the interference is non-Gaussian.
For example, if θ is not random and the likelihood ratio is different for
a different θ1, then the test statistic is not fully specified and a detector
that satisfies the Neyman–Pearson criterion cannot be constructed. When
the knowledge of the distribution under the hypothesis is not available, we
resort to sub-optimal methods based on non-parametric or robust statis-
tics (Thomas, 1970; Miller and Thomas, 1972; Poor, 1986; Kazakos and
Papantoni-Kazakos, 1990; Gibson and Melsa, 1996).

The most often used sub-optimal method is the generalised likelihood
ratio test with the test statistic:

Λ(x) =
f(x|θ̂1)
f(x|θ0)

≷ Tα (3.1)

where θ̂1 is the maximum likelihood estimator for θ1. One property of the
generalised likelihood ratio test is that, under some regularity conditions, it
is consistent where consistency is defined as follows.

Definition 3.1.1 (Consistency) A detector is consistent if

lim
n→∞PD → 1. (3.2)
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If the distribution of the interference deviates from the assumed distribution,
then it is also meaningful to consider the robustness of the test.

Definition 3.1.2 (Robustness) A detector is robust if (Gibson and Melsa,
1996)

lim
n→∞PF → α. (3.3)

The detector is also known as asymptotically nonparametric.

These two properties are desirable when an optimal detector that satisfies
the Neyman–Pearson criterion does not exist. The extent to which these
properties apply to bootstrap methods for signal detection is examined later
in this chapter.

3.2 Hypothesis testing with the bootstrap

Two major problems can be encountered in hypothesis testing. The first
one occurs when the size of the random sample is small and asymptotic
methods do not apply. The second possible problem is that the distribution
of the test statistic cannot be determined analytically. One can overcome
both problems by using bootstrap techniques.

Consider a situation in which a random sample X = {X1, . . . , Xn} is
observed from its unspecified probability distribution Fθ, where θ, a char-
acteristic of F , is unknown. We are interested in testing the hypothesis

H : θ ≤ θ0 against the alternative K : θ > θ0 ,

where θ0 is some known bound. Let θ̂ be an estimator of θ and σ̂2 an
estimator of the variance σ2 of θ̂.

Define the test statistic

Tn =
θ̂ − θ0

σ̂
. (3.4)

The inclusion of the scale factor σ̂, to be defined in Section 3.4, ensures, as
discussed in Section 2.2, that Tn is asymptotically pivotal as n → ∞ (Hall
and Titterington, 1989; Hall and Wilson, 1991). Using a pivotal statistic
means we only need to deal with the appropriate standard distribution rather
than a whole family of distributions. Although not recommended, the scale
factor σ̂ can be omitted in some applications. This often brings a significant
computational saving. We will address this problem in Example 3.4.2.

If the distribution function G of Tn under H were known then an exact
α-level test would suggest rejecting H if Tn ≥ Tα, where, as discussed earlier,
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Tα is determined by G(Tα) = 1−α (Lehmann, 1991). For example, if F has
mean µ and unknown variance,

Tn =

1
n

n∑

i=1

Xi − µ0

√
√
√
√
√

1
n(n− 1)

n∑

i=1



Xi − 1
n

n∑

j=1

Xj





2

is used to test µ ≤ µ0 against µ > µ0, given the random sample X =
{X1, X2, . . . , Xn}. For large n, Tn is asymptotically t-distributed with n− 1
degrees of freedom.

The bootstrap approach for testing H : θ ≤ θ0 against K : θ > θ0, given
θ̂ and σ̂ (see Section 3.4), found from X , is illustrated in Figure 3.4 and
Table 3.1. In the approach, we retain the asymptotically pivotal nature of
the test statistic because the bootstrap approximation of the distribution of
Tn is better than the approximation of the distribution of θ̂ (Hall, 1988).
Note that in Step 2 of Table 3.1 the constant θ0 has been replaced in (3.5)
by the estimate of θ, θ̂, derived from X . This is crucial if the test is to have
good power properties. It is also important in the context of the accuracy
of the level of the test (Hall and Titterington, 1989; Hall and Wilson, 1991;
Hall, 1992; Zoubir, 1994).

Note that in the case where one is interested in the hypothesis H : θ = θ0

against the two-sided alternative K : θ �= θ0, the procedure shown in Table
3.1 is still valid, except that θ̂− θ0 is replaced by |θ̂− θ0| in (3.4) so that Tn

is given by Tn = |θ̂ − θ0|/σ̂ and correspondingly T ∗
n = |θ̂∗ − θ̂|/σ̂∗ (Hall and

Titterington, 1989).

3.3 The role of pivoting

We mentioned earlier (see Section 2.2) the importance of pivoting in the
context of confidence interval estimation. Let us re-emphasise this concept
in a more formal manner. Suppose that the distribution of the statistic Tn

under H admits the Edgeworth expansion (Hall, 1988, 1992)

G(x) = Prob[Tn ≤ x] = Φ(x) + n−1/2q(x)φ(x) + O(n−1) , (3.6)

where q is an even quadratic polynomial while Φ and φ are the standard
Gaussian distribution and density functions, respectively. The bootstrap
estimate of G admits an analogous expansion,

Ĝ(x) = Prob[T ∗
n ≤ x|X ] = Φ(x) + n−1/2q̂(x)φ(x) + Op(n−1) ,
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Fig. 3.4. A general bootstrap hypothesis testing procedure.

where T ∗
n is the bootstrap version of Tn and the polynomial q̂ is obtained

from q by replacing unknowns, such as skewness, by bootstrap estimates.
The term Op(n−1) denotes a random variable that is of order n−1 “in prob-
ability”. The distribution of T ∗

n conditional on X is called the bootstrap
distribution of Tn. It is known that q̂ − q = Op(n−1/2) (Hall, 1988) and
thus,

Prob[T ∗
n ≤ x|X ]− Prob[Tn ≤ x] = Op(n−1) .

That is, the bootstrap approximation to G is in error by n−1. If we had
approximated G by Φ, the error would have been of order n−1/2 as it can
be seen from (3.6). Thus, the difference between the actual level and the
nominal level of the test is α′ − α = O(n−1) (Hall and Titterington, 1989;
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Table 3.1. The bootstrap principle for testing the hypothesis H : θ ≤ θ0

against K : θ > θ0.

Step 0. Experiment. Conduct the experiment and collect the data into the sample
X = {X1, . . . , Xn}.

Step 1. Resampling. Draw a random sample X ∗ of the same size as X , with
replacement, from X .

Step 2. Calculation of the bootstrap statistic. From X ∗, calculate

T ∗
n =

θ̂∗ − θ̂

σ̂∗ , (3.5)

where θ̂ replaces θ0, and θ̂∗ and σ̂∗ are versions of θ̂ and σ̂ computed in the
same manner as θ̂ and σ̂, respectively, but with the resample X ∗ replacing
the sample X .

Step 3. Repetition. Repeat Steps 1 and 2 many times to obtain a total of B
bootstrap statistics T ∗

n,1, T
∗
n,2, . . . , T

∗
n,B .

Step 4. Ranking. Rank the collection T ∗
n,1, T

∗
n,2, . . . , T

∗
n,B into increasing order to

obtain T ∗
n,(1) ≤ T ∗

n,(2) ≤ · · · ≤ T ∗
n,(B).

Step 5. Test. A bootstrap test has then the following form: reject H if Tn > T ∗
(q),

where the choice of q determines the level of significance of the test and
is given by α = (B + 1 − q)(B + 1)−1, where α is the nominal level of
significance (Hall and Titterington, 1989).

Hall, 1988, 1992). This result holds whenever the statistic is asymptotically
pivotal.

To appreciate why pivoting yields a smaller error, let Un =
√

n(θ̂ − θ0)
be a non-pivotal statistic whose distribution we want to approximate by the
bootstrap. In this case, we have (Hall, 1992)

F (x) = Prob[Un ≤ x]

= Φ(x/σ) + n−1/2p(x/σ)φ(x/σ) + O(n−1)

and

F̂ (x) = Prob[U∗
n ≤ x|X ]

= Φ(x/σ̂) + n−1/2p̂(x/σ)φ(x/σ̂) + Op(n−1) ,

where p is a polynomial, p̂ is obtained from p by replacing unknowns by
their bootstrap estimates, σ2 equals the asymptotic variance of Un, σ̂2 is the
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bootstrap estimator of σ2, and U∗
n is the bootstrap version of Un. Again,

p̂− p = Op(n−1/2), and also σ̂ − σ = Op(n−1/2). Thus, we have

F̂ (x)− F (x) = Φ(x/σ̂)− Φ(x/σ) + Op(n−1).

The difference between σ̂ and σ is usually of order n−1/2. Indeed, n−1/2(σ̂−
σ) typically has a limiting Gaussian distribution N (0, ξ2), for some ξ > 0.
Thus, Φ(x/σ̂)−Φ(x/σ) is of size n−1/2, not n−1, and therefore the bootstrap
approximation to F is in error by terms of size n−1/2 (Hall, 1992).

Note that in practice it may not be easy to show for a given estimator θ̂

that the percentile-t or any other pivot is in fact pivotal. If the estimator
can be put in the form of a smooth function of means or other statistics for
which convergence results are available, the pivot method can be applied.
If not, caution should be exercised. If a chosen pivot is in fact not pivotal,
the pivot method will not work. This echoes the view of Schenker (1985)
for bootstrap confidence intervals.

Example 3.3.1 Limitations of pivoting

Consider the following standardised pivot

θ̂ − θ

σθ̂

, (3.7)

and the test statistic, Tn = (θ̂−θ0)/σθ̂. Suppose the signal-plus-interference
model is

Xt = ±
√

θ + Zt, t = 1, . . . , n, (3.8)

where ±√θ is the signal, which is independent of t, and Z1, . . . , Zn is iid,
zero-mean interference with a variance σ2. This model is considered in an
estimation problem by Kay (1993, p. 174). We wish to test H : θ = 0 against
K : θ > 0 for detection. In this case, θ0 = 0.

The maximum likelihood estimator θ̂ = n−1
∑

t

X2 has, asymptotically,

the distribution of a σ2

n χ2
1(θ/2)-variate where χ2

1(θ/2) is a chi-square random
variable with one degree of freedom and noncentrality parameter θ/2. In
addition, σ2

θ̂
= 2σ2

n

(
σ2

n + 2θ
)

(Johnson and Kotz, 1970). The expectation

E[θ̂] is σ2

n + θ. Therefore, the pivot is

σ2

n χ2
1(θ/2)− θ

√

2σ2

n

(
σ2

n + 2θ
) =

χ2
1(θ/2)− nθ/σ2

√
2 (1 + 2nθ/σ2)

. (3.9)
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As n → ∞, this becomes a standard Gaussian random variable for θ > 0
and a 1√

2
χ2

1 random variable for θ = 0. Therefore, since the distributions
are different for different θ, (3.7) is not pivotal.

3.4 Variance estimation

The tests described in Table 3.1 of Section 3.2 require the estimation of σ̂

and its bootstrap counterpart σ̂∗. In this section, we discuss how one can
estimate the parameters using the bootstrap.

Suppose that X is a real-valued random variable with unknown probabil-
ity distribution F with mean µX and variance σ2

X . Let X = {X1, X2, . . . , Xn}
be a random sample of size n from F . We wish to estimate µX and assign
to it a measure of accuracy.

The sample mean µ̂X = n−1
∑n

i=1 Xi is a natural estimate for µX which
has expectation µX and variance σ2

X/n. The standard deviation of the
sample mean µ̂X is the square root of its variance σX/

√
n and is the most

common way of indicating statistical accuracy. The mean value and stan-
dard deviation of µ̂X are exact but the usual assumption of Gaussianity of
µ̂X is an approximation only and is valid under general conditions on F as
n grows.

In this example, we could use

σ̂X =

√
√
√
√

1
n− 1

n∑

i=1

(Xi − µ̂X)2 (3.10)

to estimate σX =
√

E[X − µX ]2. This gives the following estimate of the
standard deviation of µ̂X ,

σ̂ = σ̂X/
√

n =

√
√
√
√

1
n(n− 1)

n∑

i=1

(Xi − µ̂X)2 . (3.11)

We have considered a simple example where θ̂ = µ̂X . Herein, the estimate
of the standard deviation is the usual estimate of the standard deviation
of the distribution F . However, for a more complicated θ̂, other than µ̂X ,
it will be difficult to find such a formula that would enable the calculation
of the estimate exactly. The bootstrap can be used to estimate σθ̂, the
standard deviation of θ̂, without a theoretical calculation, irrespective of
the complicated nature of the estimate, such as a spectral density. The
procedure to estimate σ̂, the standard deviation of θ̂ is equivalent to the
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one given in Table 2.3 in Chapter 2 (Hall, 1992; Efron and Tibshirani, 1993;
Politis, 1998).

For the estimation of σ̂∗, the divisor in T ∗
n = (θ̂∗ − θ̂)/ˆ̂σ∗

θ̂
, we would

proceed similarly as in Table 2.3, except that the procedure involves two
nested levels of resampling. Herein, for each resample X ∗

b , b = 1, . . . , B1

we draw resamples X ∗∗
b , b = 1, . . . , B2, evaluate θ̂∗∗b from each resample to

obtain B2 replications, and calculate

σ̂ =

√
√
√
√
√

1
B − 1

B∑

i=1



θ̂∗i −
1
B

B∑

j=1

θ̂∗j





2

replacing θ̂∗b and B by θ̂∗∗b and B2, respectively.
There are situations in which estimating the variance with a nested boot-

strap may not be feasible. In such cases methods are being developed to
reduce the number of computations (Karlsson and Löthgren, 2000). The
jackknife (Miller, 1974; Politis, 1998) is another technique for estimating
the standard deviation. As an alternative to the bootstrap, the jackknife
method can be thought of as drawing n samples of size n − 1 each without
replacement from the original sample of size n.

Suppose we are given the sample X = {X1, . . . , Xn} and an estimate θ̂

from X . The jackknife method is based on the sample delete-one observation
at a time,

X (i) = {X1, X2, . . . , Xi−1, Xi+1, . . . , Xn}
for i = 1, 2, . . . , n and is called the jackknife sample (Efron and Tibshirani,
1993). The ith jackknife sample consists of the data set with the ith obser-
vation removed. For each ith jackknife sample, we calculate the ith jackknife
estimate θ̂(i) of θ, i = 1, . . . , n. The jackknife estimate of standard deviation
of θ̂ is

σ̂ =

√
√
√
√
√

n− 1
n

n∑

i=1



θ̂(i) − n−1

n∑

j=1

θ̂(j)





2

. (3.12)

The jackknife is computationally less expensive if n is less than the number
of replicates used by the bootstrap for standard deviation estimation because
it requires computation of θ̂ only for the n jackknife data sets. For example,
if B = 25 resamples are necessary for standard deviation estimation with the
bootstrap, and the sample size is n = 10, then clearly the jackknife would
be computationally less expensive than the bootstrap.
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Example 3.4.1 Test of equality of means (Behrens–Fisher Problem)

Consider first a classical statistical hypothesis testing problem in which an
explicit form for the distribution of the test statistic under the null hy-
pothesis cannot be derived. This is one of the class of problems that can
be easily resolved with the bootstrap. Given real-valued random samples
X = {X1, . . . , Xn} and Y = {Y1, . . . , Ym} from Gaussian distributions with
respective means µX and µY and variances σ2

X and σ2
Y , one is interested

in testing the hypothesis H : µX = µY against the two-sided alternative
K : µX �= µY . A test with the statistic

Tn =
(µ̂X − µ̂Y )− (µX − µY )

√
σ̂2

X

n− 1
+

σ̂2
Y

m− 1

(3.13)

can be used for this purpose (Kendall and Stuart, 1967; Lehmann, 1991).
In (3.13), µ̂X = n−1

∑n
i=1 Xi, µ̂Y = m−1

∑m
i=1 Yi are the respective sample

means of the random samples X and Y and σ̂2
X = n−1

∑n
i=1(Xi− µ̂X)2 and

σ̂2
Y = m−1

∑m
i=1(Yi − µ̂Y )2 are the sample variances.

If σ2
X = σ2

Y , Tn admits, under H, a t-distribution with m + n− 2 degrees
of freedom. Otherwise, Tn is a mixture of two t-distributions. Then, Tn

could be expressed as Tn = T1 sinU + T2 cos U , where T1, T2 and U are
independent random variables, T1 and T2 have t-distributions with n − 1
and m− 1 degrees of freedom, respectively, and U is uniformly distributed
over (−π, π]. In this case an explicit solution for the distribution of Tn

cannot be derived (Kendall and Stuart, 1967). This problem also occurs if
one or both distributions of the populations are not Gaussian.

We now discuss how the bootstrap can be used to test for equality of means
without a priori knowledge of the distribution of Tn. Let X ∗ = {X∗

1 , . . . , X∗
n}

and Y∗ = {Y ∗
1 , . . . , Y ∗

m} be resamples drawn independently and randomly
with replacement from X and Y, respectively. Let µ̂∗

X = n−1
∑n

i=1 X∗
i ,

µ̂∗
Y = m−1

∑m
i=1 Y ∗

i , σ̂∗2
X = n−1

∑n
i=1(X

∗
i − µ̂∗

X)2 and σ̂∗2
Y = m−1

∑m
i=1(Y

∗
i −

µ̂∗
Y )2 be the bootstrap analogues of µ̂X , µ̂Y , σ̂2

X and σ̂2
Y , respectively. The

distribution of Tn is now approximated by the distribution of

T ∗
n =

(µ̂∗
X − µ̂∗

Y )− (µ̂X − µ̂Y )
√

σ̂∗2
X

n− 1
+

σ̂∗2
Y

m− 1

(3.14)

conditional on X and Y, and is used to test H : µX = µY . This procedure
is illustrated in Table 3.2. Some simulation results can be found in (Zoubir,
2001).
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Table 3.2. The bootstrap principle for testing the hypothesis H : µX = µY

against K : µX �= µY .

Step 0. Experiment. Conduct the experiment and collect the random data into
two samples X = {X1, . . . , Xn} and Y = {Y1, . . . , Ym}.

Step 1. Calculate the statistic

Tn =
µ̂X − µ̂Y

√
σ̂2

X

n−1 + σ̂2
Y

m−1

.

Step 2. Resampling. Using a pseudo-random number generator, draw a random
sample X ∗ of the same size as X , with replacement, from X and a random
sample Y∗ of the same size as Y, with replacement, from Y.

Step 3. Calculation of the bootstrap statistic. From X ∗ and Y∗, calculate

T ∗
n =

(µ̂∗
X − µ̂∗

Y )− (µ̂X − µ̂Y )
√

σ̂∗2
X

n−1 + σ̂∗2
Y

m−1

.

Step 4. Repetition. Repeat Steps 2 and 3 many times to obtain a total of B
bootstrap statistics T ∗

n,1, T
∗
n,2, . . . , T

∗
n,B .

Step 5. Ranking. Rank the collection T ∗
n,1, T

∗
n,2, . . . , T

∗
n,B into increasing order to

obtain T ∗
n,(1) ≤ T ∗

n,(2) ≤ · · · ≤ T ∗
n,(B).

Step 6. Test. A bootstrap test has the following form: reject H if Tn < T ∗
(q1)

or
Tn > T ∗

(q2)
, where q1 = �Bα/2
 and q2 = B − q1 + 1 is determined by the

nominal level of significance of the test α.

Example 3.4.2 Testing the third-order cumulant

Let X = {X1, X2, . . . , Xn} be a random sample from an unspecified distri-
bution F . Define the third-order unbiased sample cumulant of X, computed
from X as

ĉ3 =
1

n(n− 1)(n− 2)



n2
n∑

i=1

X3
i − 3n

n∑

i=1

X2
i

n∑

i=1

Xi + 2

(
n∑

i=1

Xi

)3




Let us construct a test to ascertain whether the third-order cumulant is zero,
i.e.

H : c3 = 0
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against a double-sided alternative

K : c3 �= 0.

Such a test can be considered as the second step for testing Gaussianity of
data following Gasser (1975), see also Iskander et al. (1995).† Consider now
the following three tests that can be used for this task:

(i) non-pivoted bootstrap test,
(ii) pivoted bootstrap test with a nested bootstrap (double bootstrap),

and
(iii) pivoted bootstrap test with variance stabilisation.

In the non-pivoted bootstrap test we will use the following test statistic

Tn = |ĉ3 − 0|
with its bootstrap equivalent

T ∗
n = |ĉ∗3 − ĉ3|.

In Section A1.6 of Appendix 1, we give a Matlab code for the non-pivoted
bootstrap test embedded in a Monte Carlo simulation to show that the
test maintains the preset level. The number of bootstrap resamples in this
case was set to B = 1000. In most practical applications the number of
resamples should be of order B ≥ 10/α. For more guidelines on choosing
B see the work of Hall and Titterington (1989). The simulation of a non-
pivotal bootstrap test is also repeated in Section A1.6, using the function
boottestnp.m from Appendix 2. This general function works with an arbitrary
statistic.

Consider now the second case in which we will use the following test
statistic

Tn =
|ĉ3 − 0|

σ̂

and its bootstrap equivalent

T ∗
n =

|ĉ∗3 − ĉ3|
σ̂∗ .

As mentioned earlier, the scaling parameters σ̂ and σ̂∗ are used so that the
test statistics are asymptotically pivotal. In this case, evaluation of the
scaling parameters will be performed with a double bootstrap procedure.
In Section A1.6 of Appendix 1, we show the corresponding Matlab code
with B1 = 200 and B2 = 25. Note that the number of bootstrap resamples

† The first step of this test for Gaussianity is to test whether the kurtosis is zero.
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is B1 × B2 (see Section 3.4), because for each bootstrap sample X ∗
b , b =

1, . . . , B1, we draw resamples X ∗∗
b , b = 1, . . . , B2. Although the nested

bootstrap brings a significant additional computational cost, we found that
pivoted bootstrap hypothesis testing as well as pivoted bootstrap based
confidence interval estimation are more accurate than the unpivoted ones.

As in the previous case we can use a general testing function boottest.m

that is included in the Appendix 2. The above simulation is repeated in
Section A1.6 of Appendix 1 using this function.

The last case in this example is a bootstrap hypothesis test with variance
stabilisation. In Section A1.6 of Appendix 1, we omit the detailed code and
use the function boottestvs.m from Appendix 2 instead.

Variance stabilisation has a great advantage in computational saving. The
number of bootstrap resamples in this case is B1 · B2 + B3. The other
advantage is that the parameters B1 = 100 and B2 = 25 used for variance
estimation are sufficiently high in most practical cases while the number
of resamples B2 in the nested bootstrap may need to be increased in some
applications (Tibshirani, 1988).

For all cases considered we have observed that bootstrap hypothesis tests
maintain the preset level of significance α. The power of each of these
bootstrap tests will depend on the alternatives and the number of samples
available. For more details on bootstrap goodness-of-fit testing the reader
is referred to the work of Zoubir and Iskander (1999).

3.5 Detection through regression

A pivotal statistic may not always be available. This makes the above
techniques inapplicable. An alternative in this case is to resample under
the null hypothesis (Tibshirani, 1992). The idea of such an approach is
not entirely new and can be related to bootstrap distance tests (Beran,
1986; Hinkley, 1988; Romano, 1988). A method based on this idea has been
proposed by Ong (2000) for detection when a parametric model for the signal
applies. Let the observations be

Xt = st(θ, ϑ) + Zt, t = 1, . . . , n , (3.15)

where θ is the parameter to be tested and ϑ = (ϑ1, . . . , ϑp)′ are other un-
known parameters called nuisance parameters. The functions s1, . . . , sn are
assumed to be continuous, such as in the detection of a sinusoid with un-
known amplitude, phase and frequency, st(θ, ϑ) = θ cos(ϑ1t + ϑ2). The
proposed procedure for testing the hypotheses H : θ = θ0 against K : θ > θ0
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is given in Table 3.3. The test statistic is Tn = θ̂ and is compared with a
threshold found from the bootstrap distribution of T ∗

n = θ̂∗.

Table 3.3. A regression based method for detection.

Step 1. Fit a model, Xt = st(θ,ϑ) + Zt, to the data X1, . . . , Xn, and find the
residuals,

rt = Xt − st(θ̂, ϑ̂), t = 1, . . . , n, (3.16)

where θ̂ and ϑ̂ are the parameter estimates of the fitted model found, for
example, by least squares. Estimate the interference by the (sample mean)
centred residuals, Ẑt = rt − r̄, t = 1, . . . , n.

Step 2. Resample the centred residuals Ẑ1, . . . , Ẑn to get Z∗ = (Z∗
1 , . . . , Z∗

n)′.

Step 3. Generate bootstrap data under the null hypothesis, i.e., θ = θ0,

X∗
t = st(θ0, ϑ̂) + Z∗

t , t = 1, . . . , n. (3.17)

Step 4. Calculate the bootstrap statistic, T ∗
n(X∗) = θ̂∗ in the same way θ̂ was

found, but using X∗
t , t = 1, . . . , n instead.

Step 5. Repeat Steps 2–4 many times to get B bootstrap statistics, T ∗
n,1, . . . , T

∗
n,B .

Step 6. Sort the bootstrap statistics: T ∗
n,(1) ≤ · · · ≤ T ∗

n,(B).

Step 7. Reject H : θ = θ0 and decide a signal is present if Tn > T ∗
(q) where Tn = θ̂

and q = 
(B + 1)(1− α)�.

The procedure is more complicated than the pivot method and requires a
parametric model so that the bootstrap data can be constructed under the
null hypothesis. However, it does not need a pivot to work.

Note that the pivot method can still be applied using a parametric model
but instead of generating data under the null, the estimated parameter θ̂

is put back in. Table 3.4 gives the modified procedure with the changes in
Steps 3, 4 and 7.

The regression method is not designed only to overcome problems with
the pivot. The method is used in many practical detection problems as
well as bootstrap modelling (see Chapter 4). In particular, we will use this
regression method for a bootstrap matched filter developed in Section 3.6.

We will summarise this section with a signal processing example in which
bootstrap based hypothesis testing is successfully employed. Some aspects
of this example have been covered in a bootstrap tutorial paper by Zoubir
and Boashash (1998).
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Table 3.4. The pivot method using a parametric model.

Step 1. Fit a model, Xt = st(θ,ϑ) + Zt, to the data X1, . . . , Xn, and find the
residuals,

rt = Xt − st(θ̂, ϑ̂), t = 1, . . . , n, (3.18)

where θ̂ and ϑ̂ are the parameter estimates of the fitted model found,
for example, by least squares. Estimate the interference by the centred
residuals, Ẑt = rt − r̄, t = 1, . . . , n.

Step 2. Resample the centred residuals Ẑ1, . . . , Ẑn to get Z∗ = (Z∗
1 , . . . , Z∗

n)′.

Step 3. Generate bootstrap data,

X∗
t = st(θ̂, ϑ̂) + Z∗

t , t = 1, . . . , n. (3.19)

Step 4. Calculate bootstrap statistic, T ∗(X∗) = (θ̂(X∗)− θ̂)/σ̂θ̂∗ .

Step 5. Repeat Steps 2–4 many times to get B bootstrap statistics, T ∗
1 , . . . , T ∗

B .

Step 6. Sort the bootstrap statistics: T ∗
(1) ≤ · · · ≤ T ∗

(B).

Step 7. Reject H : θ = θ0 and decide a signal is present if T > T ∗
(q) where T =

(θ̂ − θ0)/σ̂θ̂ and q = 
(B + 1)(1− α)�.

Example 3.5.1 MISO linear system analysis

Consider a signal processing application in which we have a multiple-input
single-output (MISO) linear system as illustrated in Figure 3.5. Herein, an r

vector-valued stationary process St = (S1,t, . . . , Sr,t)′ is transmitted through
a linear time-invariant system whose r vector-valued impulse response is
gt = (g1,t, . . . , gr,t)′. We will assume that the linear system is stable. The
system output is buried in a stationary zero-mean noise process Et and
received as a stationary process Zt, where Et and St are assumed to be
independent for any t = 0,±1,±2, . . . For such a model, we can write

Zt =
∞∑

u=−∞
g′

uSt−u + Et . (3.20)

Let

G(ω) = (G1(ω), . . . , Gr(ω))′ =
∞∑

t=−∞
gte

−jωt

be the unknown transfer function of the system.
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Fig. 3.5. A typical multiple input single output system (MISO).

The question we wish to answer is: Which element Gl(ω), 1 ≤ l ≤ r, is
zero at a given frequency ω? Under H, this would imply that Zt does not
contain any information at ω, contributed by the lth signal component of
St, Sl,t, 1 ≤ l ≤ r. This situation occurs in many applications where one
is interested in approximating a vector-valued time series by a version of
itself plus noise, but restraining the new series to be of reduced dimension
(in this case a scalar). Then, the problem is to detect channels (frequency
responses) that have bandstop behaviour at certain frequencies.

A specific example is a situation where one is interested in finding suitable
vibration sensor positions to detect tool wear or a break in a milling pro-
cess. One would distribute sensors on the spindle fixture and one sensor as
a reference on the work piece, which would not be accessible in a serial pro-
duction. Based on observations of the vibration sensors, one would decide
the suitability of a sensor position on the spindle fixture based on the struc-
tural behaviour of the fixture at some given frequencies, which would have
been assumed to be linear and time invariant. This problem is currently
resolved using heuristic arguments. A similar problem in motor engines is
discussed by Zoubir and Böhme (1995).

Another application in vertical seismic profiling requires a detailed knowl-
edge of the filter constituted by the various layers constituting the verti-
cal earth profile at a particular point in space. In such an application,
waves are emitted in the ground which propagate through and reflect on the
diopter which separate the various layers characterised by different acoustic
impedances. The transmission function for the range of relevant frequencies
is of crucial importance, as the filter characteristics vary from location to
location. Knowledge of the frequency transfer function of the various earth
layers filter contributes to a proper modelling of the earth surface, and then
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to a decision as to the likelihood of the presence of gas and/or oil in a
particular place.

The considered problem is by no means limited to these two practical
examples. Existence of such a MISO system problem can be encountered
in other engineering applications including smart antenna systems (Ruly et
al., 2001) and control (Malti et al., 1998; Besson and Shenton, 2000).

Returning to our problem, we would like to test whether Gl(ω) = 0,
1 ≤ l ≤ r, that is, we test the hypothesis

H : Gl(ω) = 0

with unspecified G(l)(ω) against the two-sided alternative

K : Gl(ω) �= 0 ,

where G(l)(ω) is such that G(ω) = (G(l)(ω)′, Gl(ω))′, with Gl(ω) being an
arbitrary frequency response that represents the transfer function of the filter
that transforms the signal Sl,t by time-invariant and linear operations, and
G(l)(ω) = (G1(ω), G2(ω), . . . , Gl−1(ω), Gl+1(ω), . . . , Gr(ω))′ is the vector
of transfer functions obtained from G(ω) by deleting the component Gl(ω).

Let St and Zt be given for n independent observations of length T each.
By taking the finite Fourier transform of both sides of (3.20), we obtain
(omitting the error term† oa.s.(1)) the complex regression

dZ(ω) = ds(ω)G(ω) + dE(ω) , (3.21)

where ds(ω) = (dS1(ω), . . . ,dSr(ω)), dSl
(ω) = (dSl

(ω, 1), . . . , dSl
(ω, n))′,

l = 1, . . . , r, dZ(ω) = (dZ(ω, 1), . . . , dZ(ω, n))′, and

dZ(ω, i) =
T−1∑

t=0

w(t/T ) · Zt,i e
−jωt , i = 1, . . . , n, (3.22)

is the normalised finite Fourier transform of the ith data block Zt,i, i =
1, . . . , n, of Zt and w(u), u ∈ R, is a smooth window that vanishes outside
the interval [0, 1].

Based on the observations of St and Zt, for t = 0, 1, . . . , T − 1, and
i = 1, . . . , n, we first calculate the least-squares estimate of G(ω),

Ĝ(ω) = (ds(ω)Hds(ω))−1(ds(ω)HdZ(ω)) (3.23)

= ĈSS(ω)−1ĈZS(ω)′ ,

where ĈSS(ω) and ĈZS(ω) are spectral densities obtained by averaging the

† oa.s.(1) is an error term that tends to zero almost surely as T → ∞ (Brillinger, 1981).
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corresponding periodograms over n independent data records, and H denotes
the Hermitian operation.

Conventional techniques assume the number of observations T to be large
so that the finite Fourier transform dE(ω) becomes asymptotically complex
Gaussian (Brillinger, 1981). Under this assumption and H, the statistic

θ̂(ω) =
‖ dZ(ω)− ds(l)(ω)Ĝ

(l)
(ω) ‖2 − ‖ dZ(ω)− ds(ω)Ĝ(ω) ‖2

‖ dZ(ω)− ds(ω)Ĝ(ω) ‖2 /(n− r)
(3.24)

is assumed to be F -distributed with 2 and 2(n−r) degrees of freedom. Note
that if χ2

1 and χ2
2 are independent random variables having chi-square distri-

butions of ν1 and ν2 degrees of freedom, respectively, then (χ2
1/ν1)/(χ2

2/ν2)
has an F -distribution with ν1 and ν2 degrees of freedom. In Equation (3.24),
ds(l)(ω) is defined as

ds(l)(ω) = (dS1(ω), . . . ,dSl−1
(ω), dSl+1

(ω), . . . ,dSr(ω))′

and is obtained from ds(ω) = (ds(l)(ω), dSl
(ω)) by deleting the lth vector

dSl
(ω), and Ĝ

(l)
(ω) = (ds(l)(ω)Hds(l)(ω))−1(ds(l)(ω)HdZ(ω)) (Shumway,

1983).
The hypothesis H is rejected at a level α if the statistic (3.24) exceeds the

100(1− α)% quantile of the F -distribution.
The use of the F -distribution in the case where dE(ω) is non-Gaussian is

not valid. To find the distribution of the statistic (3.24) in the more general
case, we will use a procedure based on the bootstrap, described in Table 3.5.

Note that several regression models are available and depending upon
which model the analysis is based, we have a different resampling proce-
dure (Hall, 1992). In the procedure described in Table 3.5, we assumed the
pairs (dS(ω, i), dE(ω, i)) to be independent and identically distributed, with
dS(ω, i) and dE(ω, i) independent.

An alternative bootstrap approach to the one described in Table 3.5 is
based on the fact that (3.24) can be written as

θ̂(ω) = (n− r)
|R̂ZS(ω)|2 − |R̂ZS(l)(ω)|2

1− |R̂ZS(ω)|2 , (3.25)

where

|R̂ZS(ω)|2 =
ĈZS(ω)ĈSS(ω)−1ĈSZ(ω)

ĈZZ(ω)
(3.26)

and

|R̂ZS(l)(ω)|2 =
ĈZS(l)(ω)ĈS(l)S(l)(ω)−1ĈS(l)Z(ω)

ĈZZ(ω)
(3.27)
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Table 3.5. The bootstrap principle for the example of regression analysis in
a MISO system.

Step 0. Experiment. Conduct the experiment and calculate the frequency data
dS(ω, 1), . . . ,dS(ω, n), and dZ(ω, 1), . . . , dZ(ω, n).

Step 1. Resampling. Conduct two totally independent resampling operations in
which a random sample {d∗

S(ω, 1), . . . ,d∗
S(ω, n)} is drawn, with replace-

ment, from {dS(ω, 1), . . . ,dS(ω, n)}, where

dS(ω, i) = (dS1(ω, i), . . . , dSr (ω, i)),

i = 1, . . . , n, and a resample {d∗Ê(ω, 1), . . . , d∗Ê(ω, n)} is drawn, with re-
placement, from the random sample {dÊ(ω, 1), . . . , dÊ(ω, n)}, collected into
the vector dÊ(ω) = (dÊ(ω, 1), . . . , dÊ(ω, n))′, so that

dÊ(ω) = dZ(ω)− ds(ω)Ĝ(ω)

are the residuals of the regression model (3.21).

Step 2. Generation of bootstrap data. Centre the frequency data resamples and
compute

d∗
Z(ω) = d∗

s(ω)Ĝ(ω) + dÊ(ω) .

The joint distribution of {(d∗
S(ω, i), d∗Z(ω, i)), 1 ≤ i ≤ n}, conditional on

X (ω) = {(dS(ω, 1), dZ(ω, 1)), . . . , (dS(ω, n), dZ(ω, n))}
is the bootstrap estimate of the unconditional joint distribution of X (ω).

Step 3. Calculation of bootstrap estimates. With the new d∗
Z(ω) and d∗

s(ω), calcu-
late Ĝ

∗
(ω), using (3.23) but with the resamples d∗

Z(ω) and d∗
s(ω), replacing

dZ(ω) and ds(ω), respectively.

Step 4. Calculation of the bootstrap statistic. Calculate the statistic given in
(3.24), replacing ds(ω), ds(l)(ω), dZ(ω), Ĝ(ω), and Ĝ

(l)
(ω) by their boot-

strap counterparts to yield θ̂∗(ω).

Step 5. Repetition. Repeat Steps 1–4 a large number of times, say B, to obtain
θ̂∗1(ω), . . . , θ̂∗B(ω).

Step 6. Distribution estimation. Approximate the distribution of θ̂(ω), given in
(3.24), by the obtained distribution of θ̂∗(ω).

are respectively the sample multiple coherence of Zt with St and Zt with

S
(l)
t = (S1,t, S2,t, . . . , Sl−1,t, Sl+1,t, . . . , Sr,t)′
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at frequency ω. Herein, the spectral densities

ĈZS(ω), ĈZS(l)(ω), ĈSS(ω), ĈS(l)S(l)(ω) and ĈZZ(ω)

in (3.26) and (3.27) are obtained by averaging periodograms of n indepen-
dent data records.

Alternatively to Table 3.5, we could proceed as described in Table 3.6 to
estimate the distribution of θ̂(ω). The main difference with this approach
compared to the previous one is that the resampling procedure does not take
into consideration the assumed complex regression model (3.21).

Table 3.6. An alternative bootstrap approach for the example of regression
analysis in a MISO system.

Step 0. Experiment. Conduct the experiment and calculate the frequency data
dS(ω, 1), . . . ,dS(ω, n), and dZ(ω, 1), . . . , dZ(ω, n).

Step 1. Resampling. Using a pseudo-random number generator, draw a random
sample X (ω)∗ (of the same size), with replacement, from

X (ω) = {(dS(ω, 1), dZ(ω, 1)), . . . , (dS(ω, n), dZ(ω, n))}.

Step 2. Calculation of the bootstrap statistic. From X (ω)∗, calculate θ̂∗(ω), the
bootstrap analogue of θ̂(ω) given by (3.25).

Step 3. Repetition. Repeat Steps 1 and 2 many times to obtain a total of B

bootstrap statistics θ̂∗1(ω), . . . , θ̂∗B(ω).

Step 4. Distribution estimation. Approximate the distribution of θ̂(ω), given in
(3.25), by the so obtained bootstrap distribution.

It is worthwhile emphasising that in practice bootstrap resampling should
be performed to reflect the model characteristics. If we assume that the
data is generated from model (3.21), we should use the method given in
Table 3.5 to estimate the distribution of the test statistic. Resampling from
X (ω) will not necessarily generate data satisfying the assumed model. In
our application, the regression model (3.21) is an approximation only and
its validity is questionable in the case where the number of observations is
small. Notice that Equation (3.25) is a measure (see the work of Zoubir
and Böhme (1995)) of the extent to which the signal Sl,t contributes in Zt

and can be derived heuristically, without use of (3.24), that is based on
regression (3.21).
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Comparative studies of the two indicated resampling methods will show
that bootstrapping coherences as discussed in Table 3.6 gives similar test
results as the approach in Table 3.5.

Numerical results We simulate n = 20 independent records of a vector-
valued signal St with r = 5. The model used to generate a component Sl,t,
l = 1, . . . , 5 is as follows:

Sl,t =
K∑

k=1

Ak,l cos(ωkt + Φk,l) + Ul,t , l = 1, . . . , 5 . (3.28)

Herein, Ak,l and Φk,l are mutually independent random amplitudes and
phases, respectively, ωk are arbitrary resonance frequencies for k = 1, . . . , K

and Ul,t is a white noise process, l = 1, . . . , r. We fix K = 4 and generate
records of length T = 128 each, using a uniform distribution for both the
phase and the amplitude on the interval [0, 2π) and [0, 1), respectively. Let
the resonance frequencies be f1 = 0.1, f2 = 0.2, f3 = 0.3 and f4 = 0.4, all
normalised, where fk = ωk/2π, k = 1, . . . , 4, and add uniformly distributed
noise Ut to the generated signal. A typical spectrum of Sl,t, l = 1, . . . , r

obtained by averaging 20 periodograms is depicted in Figure 3.6.
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Fig. 3.6. Spectrum of S
(l)
t defined in (3.28), obtained by averaging 20 periodograms.
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Fig. 3.7. Frequency response of the first channel, G1(ω), obtained using an FIR
filter with 256 coefficients.

We then generate bandstop FIR filters (with 256 coefficients) with bands
centred about the four resonance frequencies f1, f2, f3 and f4. As an exam-
ple, the frequency response of the first filter, G1(ω), is given in Figure 3.7.

We filter St and add independent uniformly distributed noise Et to the
filtered signal to generate Zt. The SNR of the output signal is 5 dB with
respect to the component Sl,t with highest power. A plot of a spectral
estimate of Zt, obtained by averaging 20 periodograms, is given in Figure 3.8.

We arbitrarily select one transfer function Gl(ω), l = 1, . . . , r, and test
H. Using the procedure of Table 3.1 with 1000 and 30 bootstrap resamples
for a quantile and variance estimate, respectively, we reject H at a level of
significance of 5% if ω does not fall in the stopband. Otherwise, we retain
H. In the simulations we have performed, with both methods described in
Table 3.5 and Table 3.6, the level of significance obtained was never above
the nominal value.

Figures 3.9 and 3.10 show the bootstrap distribution of the statistic (θ̂∗(ω)−
θ̂(ω))/σ̂∗(ω), using the procedures described in Table 3.5 and Table 3.6,
where θ̂(ω) is given by (3.24) and (3.25), respectively. We test H2 : G2(ω) =
0, against the two-sided alternative, where ω was taken to be the centre fre-
quency of the bandstop. With both methods, the hypothesis is retained.

These numerical examples show that it is possible to perform tests in com-
plicated situations but with minimal assumptions. In this situation, classical
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(F -) tests are only valid if the number of observations T is assumed to be
large and asymptotic results for the finite Fourier transform of stationary
data hold (Brillinger, 1983).

Note that in practice one is interested in performing the above discussed
tests not only at one frequency but at a set of multiple frequencies simul-
taneously. A discussion of bootstrap procedures to perform multiple tests
can be found in the work of Zoubir (1994). A practical application of the
method described in Table 3.6 was discussed by Zoubir and Böhme (1995).

3.6 The bootstrap matched filter

Recall the basic detection problem from Figure 3.2 where the observations

X = θs + Z

of a transmitted signal s = (s1, . . . , sn)′ embedded in noise Z are collected
at the receiver. The detection is performed by finding a suitable function
Tn = Tn(x) used as a test statistic and compared against a threshold Tα.

If the interfering noise is zero-mean white Gaussian with a known variance
σ2 then a simple solution to the problem exists (Neyman–Pearson lemma).
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Fig. 3.8. Spectrum of Zt, using an average of 20 periodograms.
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Fig. 3.9. Histogram of 1000 bootstrap values of the statistic (θ̂∗(ω)− θ̂(ω))/σ̂∗(ω),
where θ̂(ω) is given in (3.24), at a frequency bin where the hypothesis H2 : G2(ω) =
0 is retained.

We define

Tn =
s′x

σ
√

s′s

and find the threshold to be Tα = Φ−1(1 − α), where α is the set level of
significance.

If the noise variance is unknown, the constant false alarm rate (CFAR)
matched filter is the optimal solution to the detection problem in the sense
that it is uniformly most powerful within the class of detectors that are in-
variant to a scaling transformation of the observations (Scharf, 1991). That
is, it is the detector with the highest PD whose performance in terms of PF

and PD remains the same regardless of the observations being scaled by an
arbitrary constant. The nominal level is maintained by the CFAR matched
filter as a direct result of its scale-invariant property. The test statistic and
threshold are respectively,

T = s′X/(σ̂
√

s′s),

and

Tα = tn−1,α,

where tn−1,α denotes the 100(1 − α)th percentile of the t-distribution with
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Fig. 3.10. Histogram of 1000 bootstrap values of the statistic (θ̂∗(ω)− θ̂(ω))/σ̂∗(ω),
where θ̂(ω) is given in (3.25), at a frequency bin where the hypothesis H2 : G2(ω) =
0 is retained.

n− 1 degrees of freedom, and σ̂2 is given by

σ̂2 =

∥
∥
∥X − ss′X

s′s

∥
∥
∥

2

n− 1
,

where ‖x‖ =
√

x′x.
The performance of the CFAR matched filter is illustrated in Figures 3.11

and 3.12 (Scharf, 1991).
The matched filter and the CFAR matched filter are designed to be opti-

mal for Gaussian interference. Although they also show a high probability
of detection in some non-Gaussian cases, they are unable to maintain the
preset level of significance for small sample sizes. Thus we can identify two
cases where the matched filter fails:

• where the interference/noise is non-Gaussian
• where the data size is small.

For the particular non-Gaussian case, optimal signal detection techniques
are available (Conte et al., 1996), although their power against traditional
CFAR detection is evident only for small numbers of pulses (Iskander, 1998).
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Fig. 3.11. Probability of detection of a CFAR matched filter for different levels of
probability of false alarm.

Thus, the goal is to develop techniques which require little in the way of
modelling and assumptions.
Since any detection problem can be put in the framework of hypothesis

testing and since we have argued that bootstrap based techniques are a
powerful tool, it is expected that a bootstrap based solution to the two
problems mentioned above exists. The bootstrap is also attractive when
detection is associated with estimation, e.g., estimation of the number of
signals. This and other applications will be discussed later.
Let us recall the basic bootstrap signal detection algorithm of Figure 3.4

and Table 3.1. We will now proceed with a bootstrap matched filter algo-
rithm following similar steps as in Table 3.1 and invoking the concept of
regression based detection (see Section 3.5). The algorithm for a bootstrap
matched filter is shown in Table 3.7.
The difference between this algorithm and the general procedure from

Figure 3.4 is only in the first two steps. That is, we are required to calcu-
late the estimator of θ and then form a linear regression to obtain a set of
residuals wt, t = 1, . . . , n.
The bootstrap matched filter is consistent, i.e., Pd → 1 as n → ∞. Ong
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Fig. 3.12. Probability of detection of a CFAR matched filter for a different number
of samples.

and Zoubir (2000a) have shown that for st <∞, t = 1, . . . , n, the probability
of false alarm for the bootstrap matched filter is

P∗
F = α+O

(
n−1

)
.

Example 3.6.1 Performance of the matched filter: Gaussian noise

Consider a sinusoidal signal st = A sin(2π(t − 1)/6), t = 1, . . . , n, n = 10,
buried in white zero-mean Gaussian noise with unit variance. We will eval-
uate the performance of the matched filter and the CFAR matched filter
against their two bootstrap counterparts. In the bootstrap, we set the num-
ber of resamples to B1 = 1000 and use a nested bootstrap with B2 = 25
to estimate the variance of the estimator as in the Matlab code of Sec-
tion A1.7 of Appendix 1. We run 100 Monte Carlo simulations and evaluate
the probability of false alarm and the probability of detection. In Appendix 2
we included the function bootmf.m that outputs the detection result (1 or
0) for the four detector structures mentioned above. The results of these
simulations are shown in Table 3.8.
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Table 3.7. The bootstrap matched filter.
Step 0. Experiment. Run the experiment and collect the data xt, t = 1, . . . , n.

Step 1. Estimation. Compute the least squares estimate θ̂ of θ, σ̂θ̂, and

Tn =
θ̂ − θ

σ̂θ̂

∣
∣
∣
∣
∣
θ=0

.

Step 2. Resampling. Compute the residuals

ŵt = xt − θ̂st, t = 1, . . . , n,

and after centring, resample the residuals, assumed to be iid, to obtain ŵ∗
t ,

t = 1, . . . , n.

Step 3. Bootstrap test statistic. Compute new measurements

x∗
t = θ̂st + ŵ∗

t , t = 1, . . . , n ,

and the least squares estimate θ̂∗ based on the resamples x∗
t , t = 1, . . . , n,

and

T ∗
n =

θ̂∗ − θ̂

σ̂∗
θ̂∗

.

Step 4. Repetition. Repeat Steps 2 and 3 a large number of times to obtain
T ∗

n,1, . . . , T
∗
n,B .

Step 5. Bootstrap test. Sort T ∗
n,1, . . . , T

∗
n,B to obtain T ∗

n,(1) ≤ · · · ≤ T ∗
n,(B). Reject

H if Tn ≥ T ∗
n,(q), where q = �(1− α)(B + 1)
.

Table 3.8. Estimated probability of false alarm, P̂F , and probability of
detection, P̂D for a sinusoidal signal embedded in standard Gaussian white

noise.

Detector P̂F [%] P̂D [%]

Matched Filter (MF) 5 99
CFAR MF 5 98
Bootstrap (σ known) 4 99
Bootstrap (σ unknown) 5 98

Example 3.6.2 Performance of the matched filter: non-Gaussian
noise

Consider the same sinusoidal signal as in Example 3.6.1. Instead of Gaussian
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noise, we now use a Gaussian mixture

Wt ∼
4∑

i=1

aiN (µi, σi),

with a = (0.5, 0.1, 0.2, 0.2), µ = (−0.1, 0.2, 0.5, 1), and σ = (0.25, 0.4, 0.9, 1.6).
We set the SNR to −6 dB. The results are shown in Table 3.9.

Table 3.9. Estimated probability of false alarm, P̂F , and probability of
detection, P̂D for a sinusoidal signal embedded in Gaussian mixture noise.

Detector P̂F [%] P̂D [%]

Matched Filter (MF) 8 83
CFAR MF 7 77
Bootstrap (σ known) 5 77
Bootstrap (σ unknown) 7 79

It is important to note that the classical matched filter as well as the
CFAR matched filter do not always maintain the preset level of significance
when the interference is non-Gaussian. The results of a similar but much
more extensive study have been reported by Ong and Zoubir (2000a).

3.6.1 Tolerance interval bootstrap matched filter

The thresholds calculated in the bootstrap detectors are random variables
conditional on the data. Thus, it is of interest to keep them as steady as
possible. Formally, we would like to set β to specify our confidence that the
set level is maintained. To achieve this, the required threshold T ∗

(r) must
fulfil

Prob
[

Prob
[

Tn > T ∗
(r)|H

]

≤ α
]

≥ β

Finding threshold r can be achieved through the theory of tolerance in-
tervals. Here, we make a short digression before answering the threshold
problem. Consider the following problem:

Given an iid sample X1, . . . , Xn, find two order statistics, X(r) and X(n−s+1)
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such that [X(r), X(n−s+1)] will encompass at least 100(1−α)% of the un-
derlying distribution, F , with probability at least β,

Prob

[

1− α ≤
∫ X(n−s+1)

X(r)

dF

]

≥ β.

From the theory of distribution free tolerance intervals we must find r and
s such that

1− FB(1− α; n− r − s + 1, r + s) ≥ β,

where FB(1−α; λ1, λ2) is the beta distribution function with parameters
λ1 and λ2 (Wilks, 1941).

Distribution free tolerance interval theory gives r as the smallest positive
integer which satisfies the relation

FB(α; B − r + 1, r) ≥ β. (3.29)

We will use this result to amend the bootstrap matched filter algorithm of
Table 3.7. The only alteration is in Step 5 of the algorithm. The equivalent
tolerance interval bootstrap matched filter is shown in Table 3.10.

Example 3.6.3 Performance of tolerance interval matched filter

Consider the same sinusoidal signal as in Examples 3.6.1 and 3.6.2. Suppose
that the nominal β = 0.95 and that the SNR= 5 dB. In Table 3.11, the
estimated β using bootstrap detectors with and without tolerance intervals
are shown through a Monte Carlo analysis. We used standard Gaussian and
Laplace distributed noise in the example.

We have shown that bootstrap detectors, on average, keep the false alarm
rate close to the set level when the underlying noise distribution is unknown
and/or non-Gaussian. This property of bootstrap detectors is also visible
when the noise exhibits non-stationarity. Furthermore, using distribution
free tolerance intervals we can specify our confidence that the false alarm
rate will not exceed the preset level. The accuracy of tolerance interval
bootstrap detection was verified through simulations. We have also found
that with real non-Gaussian non-stationary data the tolerance interval based
bootstrap detector maintains the set level.
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Table 3.10. The algorithm for the tolerance interval bootstrap matched
filter.

Step 0. Experiment. Run the experiment and collect the data xt, t = 1, . . . , n.

Step 1. Estimation. Compute the least square estimator θ̂ of θ, σ̂θ̂, and

Tn =
θ̂ − θ

σ̂θ̂

∣
∣
∣
∣
∣
θ=0

.

Step 2. Resampling. Compute the residuals

ŵt = xt − θ̂st, t = 1, . . . , n,

and after centring, resample the residuals, assumed to be iid, to obtain ŵ∗
t ,

t = 1, . . . , n.

Step 3. Bootstrap test statistic. Compute new measurements

x∗
t = θ̂st + ŵ∗

t , t = 1, . . . , n ,

the least squares estimator θ̂∗ based on the resamples x∗
t , t = 1, . . . , n, and

T ∗
n =

θ̂∗ − θ̂

σ̂∗
θ̂∗

.

Step 4. Repetition. Repeat Steps 2 and 3 a large number of times to obtain
T ∗

n,1, . . . , T
∗
n,B .

Step 5. Bootstrap test. Let α be the level of significance, β, be the probability
that this level is kept and B be the number of bootstrap resamples.
Sort T ∗

1 , . . . , T ∗
B into increasing order to obtain T ∗

(1) ≤ · · · ≤ T ∗
(B). Reject

H if Tn ≥ T ∗
n,(r), where r is the smallest positive integer which satisfies

FB(α;B − r + 1, r) ≥ β.

3.7 Summary

We have covered the topic of hypothesis testing and signal detection. First,
we have reviewed the basics of hypothesis testing and given some examples
of classical signal detection. We then have introduced bootstrap methods
for signal detection when little is known about the distribution of the in-
terference. The bootstrap matched filter and the CFAR bootstrap matched
filter have been introduced and theoretical results in view of their accuracy
have also been given. The chapter closed with an interesting application of
tolerance intervals which shows how one can incorporate additional prob-
abilistic control of the false alarm rate into the bootstrap matched filter.
Examples throughout the chapter show how powerful signal detection with
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Table 3.11. Estimated probability of detection using bootstrap detectors
with and without tolerance intervals.

β (nominal 0.95)
Gaussian Laplace

Boot. MF 0.5146 0.4003
Boot. CFAR MF 0.4684 0.5549
Tol. Int. Boot. MF 0.9643 0.9398
Tol. Int. Boot. CFAR MF 0.9584 0.9734

the bootstrap can be in the absence of knowledge about the distribution of
the interference.

It is worthwhile noting that pivoting is important to ensure high accuracy
of bootstrap methods in signal detection. This can be achieved in two ways.
One can studentise the statistics in question, which comes at the cost of
more computations. Herein, it is important to estimate the variance of
the statistic using either the bootstrap or jackknife in the absence of any
knowledge of variance. The alternative to pivoting is to variance stabilise
the statistics. When a variance stabilising transformation is not available,
one can use the bootstrap to achieve this. The examples presented in this
chapter show the efficacy of this approach, in view of computations and
accuracy.

Alternatively to pivoting, we presented a regression-based method which
applies to a linear model. The procedure is more complicated than the pivot
method and requires a parametric model so that the bootstrap test can be
constructed under the null hypothesis.

The examples with the bootstrap matched filter, bootstrap CFAR matched
filter, and the tolerance interval matched filter demonstrate the good per-
formance of the bootstrap in signal detection, with minimal assumptions.
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Many engineering applications require parametric modelling. On one hand,
there exist statistical models based on real observations of our physical en-
vironment (Hahn and Shapiro, 1967); an example of this is statistical mod-
elling of interference (Jakeman and Pusey, 1976; Middleton, 1999). On the
other hand, there exist generic models to describe data, such as autore-
gressive models, commonly used in both signal processing and time series
analysis (see Section 2.1.4). In previous chapters, we focused our attention
on estimation problems. Given measurements, it is also of importance to
decide which model best fits the data. More often we are required to select
a model and perform a conditional estimation of the parameters of interest.
When we say select a model we mean choose a particular set of parameters
in the given model. The conditional estimation refers then to the estimation
of those parameters conditioned on the chosen model.

Bootstrap methods based on residuals can be used to select the best model
according to a certain prediction criterion. In this chapter, we consider ap-
plication of bootstrap model selection methods to both linear and nonlinear
models. The methods presented are consistent and in most cases they out-
perform classical techniques of model selection. We also report on how the
methods apply to dependent data models such as autoregressive models.

4.1 Preliminaries

Many signal processing problems involve model selection, including paramet-
ric spectrum estimation (Dzhaparidze and Yaglom, 1983), system identifica-
tion (Ljung, 1987), array processing (Böhme, 1991), radar (Rihaczek, 1985)
and sonar (Wax and Kailath, 1985). Other model selection problems include
application of the maximum a posteriori principle (Djurić, 1997), non-linear
system modelling (Zoubir et al., 1997), polynomial phase signal modelling
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(Zoubir and Iskander, 2000), neural networks (White and Racine, 2001),
and biomedical engineering (Iskander et al., 2001). Among signal process-
ing practitioners two approaches for model selection have gained popularity
and are widely used (Porat, 1994). These are Akaike’s Information Criterion
(AIC) (Akaike, 1970, 1974, 1978) and the Bayesian Information Criterion
(BIC) (Akaike, 1977; Schwarz, 1978), which is also known as Rissanen’s
Minimum Description Length (MDL) (Rissanen, 1983). Other model selec-
tion methods exist, including the φ criterion (Hannan and Quinn, 1979),
the Cp method (Mallows, 1973) and the corrected AIC (Hurvich and Tsai,
1989). Relevant publications on the topic include Shibata (1984); Zhao et al.
(1986); Rao and Wu (1989) and references therein. In some isolated cases,
many methods produce marginally better (from a practical point of view)
model selection results than those based on Akaike’s and the MDL criteria.

Although there exist many model selection procedures, the development
of new techniques that outperform the popular ones is still growing and
continues to grow. For example, Shi and Tsai (1998) have recently developed
a new method based on the generalised Kullback–Leibler information. This
is mainly due to the fact that in practice different criteria of statistically
equivalent large-sample performance give different answers.

The objective is to introduce methods for model selection based on the
bootstrap in a signal processing framework. Besides the good statistical
properties of bootstrap selection procedures there are other reasons for the
use of the bootstrap for model selection. In previous chapters we have
provided evidence of the power of the bootstrap. Let us summarise the ad-
vantages of the bootstrap for model selection before we proceed any further:

• The bootstrap does not make assumptions on the distribution of the noise
and performs equally well in the non-Gaussian case.

• Usually, model selection is associated with parameter estimation and in-
ference such as variance or mean squared error estimation of parameter
estimators and hypothesis testing (e.g., signal detection). As indicated
in Chapter 3, inference based on the bootstrap has proved to be asymp-
totically more accurate than methods based on the Gaussian assumption.
Therefore, it is preferable to use the bootstrap for both model selection
and subsequent inference applied to the selected model. This does not
involve extra cost because the observations generated by the bootstrap
for model selection can be used for inference.

• Bootstrap model selection is not limited to independent data models but
can be extended to more complicated structures, such as autoregressive
models.
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In the next sections we present the general theory of model selection with the
bootstrap and explain why the methods are attractive for a signal processing
practitioner.

4.2 Model selection

Consider a scenario in which we obtain observations from a finite set of ran-
dom variables Y = (Y1, . . . , Yn)′. Let us collate these observations into a
vector y = (y1, . . . , yn)′. Suppose that we have a choice among q parame-
ter dependent models M1, . . . ,Mq from which to select, based on y. The
objective of model selection is to choose the model which best explains the
data y given a goodness-of-fit measure.

Assume that a model M is specified by a probability density function
f(y|θ) of Y with θ = (θ1, . . . , θp)′ being a p vector-valued parameter to
be estimated based on y. Provided the probability density function of the
data is known, one may use the maximum likelihood approach in which
the log-likelihood function Ln(y|θ) = log f(y|θ) is utilised to estimate the
parameter vector θ. This is achieved by maximising Ln with respect to θ.
The maximum of the log-likelihood function is given by

L0(y) = Ln(y|θ̂) = sup
θ

Ln(y|θ)

For a given set of observations this value depends only on the modelM. An
intuitive solution to the model selection problem may be as follows. Given
M1, . . . ,Mq, find for each Mk the corresponding maximum value L0,k(y)
of the log-likelihood for k = 1, . . . , q. It is known that this approach fails
because it tends to pick the model with the largest number of parameters
(Rissanen, 1989; Porat, 1994). A solution with the largest number of param-
eters is impracticable because it contradicts the parsimony principle.† This
problem can be overcome by modifying the log-likelihood function in such a
way that “parsimonious” models are favoured while “generous” models are
penalised. Criteria based on this principle include Akaike’s and the MDL
criteria. The statistical properties of these methods under the assumption
of Gaussian errors have been well studied, see for example Shibata (1984).

Let us investigate bootstrap alternatives to the classical model selection
procedures. With few assumptions, bootstrap model selection procedures
are shown to be consistent. Let us first consider the simplest case of a linear
model and then we will extend our study to more complicated models.

† The principle of parsimony is equivalent to the principle of simplicity, i.e. choose a model with
the smallest number of parameters.
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4.3 Model selection in linear models

Many practical signal processing modelling problems can be reduced in one
way or the other to a linear problem. For example, polynomial curve fitting,
Fourier analysis, or even non-linear system identification can be considered
as linear (in the parameters) estimation problems (Scharf, 1991; Kay, 1993).

Consider the following linear model

Yt = x′
tθ + Zt, t = 1, . . . , n, (4.1)

where Zt is a noise sequence of iid random variables of unknown distribution
with mean zero and variance σ2

Z . The iid case is considered here for the
sake of simplicity, but the methods presented can be extended to the case
where Zt is a correlated process. A discussion on this will be provided in
Section 4.4.

In Equation (4.1), θ is an unknown p vector-valued parameter and xt is
the tth value of the p vector of explanatory variables. The output Yt is
sometimes called the response at xt, t = 1, . . . , n. The vector xt can be
assumed to be random. This will however affect the resampling schemes
discussed below. In our treatment, we omit a random xt and will only
consider the case where xt is fixed.

The model from (4.1) can be re-written as

µt = E[Yt|xt] = x′
tθ,

var[Yt|xt] = σ2
Z ,

t = 1, . . . , n, and in a vector form

Y = xθ + Z ,

where Y = (Y1, . . . , Yn)′, the matrix x = (x1, . . . ,xn)′ is assumed to be of
full rank, θ = (θ1, . . . , θp)′ and Z = (Z1, . . . , Zn)′.

Let β be a subset of {1, . . . , p}, θβ be a sub-vector of θ containing the
components of θ indexed by the integers in β, and xβ be a matrix containing
the columns of x indexed by the integers in β. Then, a model corresponding
to β is

Y = xβθβ + Z. (4.2)

Let β represent a model from now on. The following example will help to
clarify this concept.

Example 4.3.1 The concept of a model

Consider finding an empirical relationship between two measured physical
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variables. Suppose that we choose a fourth order polynomial to establish
this relationship, i.e. we choose

yt = a0 + a1xt + a2x
2
t + a3x

3
t + a4x

4
t + Zt, t = 1, . . . , n.

The number of parameters to be estimated here is p = 5 and our full model
can be written as β = {a0, a1, a2, a3, a4}. The parameters can be estimated
using the method of least squares. However, modelling involves selection of
a model β from within the set of all available parameters. Thus, one model
might be

yt = a0 + a2x
2
t + a4x

4
t + Zt, t = 1, . . . , n ,

if the regression does not involve odd indexed parameters. The idea of model
selection is to find the model β that best (in some sense) represents the data.

We define the optimal model as the model βo such that θβo contains all
non-zero components of θ only. Because θ is unknown, θβo is also unknown.
In Example 4.3.1, this would correspond to the model βo = {a0, a2, a4}.

The problem of model selection is to estimate βo based on the observations
y1, . . . , yn.

4.3.1 Model selection based on prediction

Our treatment is based on an estimator of the mean-squared prediction
error. A customary predictor for a future response Yτ at a given xβτ is
Ŷβτ = x′

βτ θ̂β, where x′
βτ is the τth row of xβ and θ̂β = (x′

βxβ)−1x′
βY is

the least squares estimator based on model (4.2). The mean squared error
of predicting Yτ is given by

Γ(β) = E[Yτ − Ŷβτ ]2,

where expectation is over Yτ and Ŷβτ ; Yτ and Y1, . . . , Yn being independent.
One can show that

Γ(β) = σ2 + σ2x′
βτ (x

′
βxβ)−1xβτ + ∆(β),

where ∆(β) = [x′
τθ − x′

βτ (x
′
βxβ)−1xθ]2. If model β is correct in that θβ

contains all non-zero components of θ such that for any x, xθ = xβθβ

and x′
τθ = x′

βτθβ, then ∆(β) is identically zero. The optimal model is the
smallest set with ∆(β) = 0. Therefore, if Γ(β) were known, then the optimal
model would be obtained by minimising Γ(β) with respect to β ⊆ {1, . . . , p}.
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An obvious estimator of Γ(β) is given by the so-called residual squared
error or apparent error (Efron and Tibshirani, 1993),

Γn(β) =
1
n

n∑

t=1

(

Yt − x′
βtθ̂β

)2
=
‖Y − xβθ̂β‖2

n
, (4.3)

with x′
βt being the tth row of xβ and ‖a‖ =

√
a′a for any vector a. One

can show that the expectation of Equation (4.3) is equivalent to

E[Γn(β)] = σ2 − σ2pβ

n
+ ∆n(β),

where pβ is the size of θβ, ∆n(β) = n−1µ′(I − hβ)µ, with µ = E[Y ] =
(µ1, . . . , µn)′, I is a p × p identity matrix and hβ = xβ(x′

βxβ)−1x′
β is the

projection matrix. Note that if β is a correct model, then ∆n(β) is identically
zero. It is known that the estimator Γn(β) is too optimistic, i.e., it tends
to underestimate the true prediction error (Efron and Tibshirani, 1993),
because the same data are used for “testing” and “training”. In the next
section we develop a bootstrap estimator as an alternative to the above.

4.3.2 Bootstrap based model selection

A straightforward application of the bootstrap for estimating Γ(β) suggests
the estimator

Γ̃n(β) =
1
n

n∑

t=1

(

Yt − x′
βtθ̂

∗
β

)2
=
‖Y − xβθ̂

∗
β‖2

n
, (4.4)

where θ̂
∗
β is the bootstrap analogue of the least-squares estimator θ̂β, calcu-

lated in the same manner as θ̂β , but with (Y ∗
t , xβt) replacing (Yt, xβt).

To obtain bootstrap observations y∗ = (y∗1, . . . , y∗n)′ of the random vector
Y ∗ = (Y ∗

1 , . . . , Y ∗
n )′, we proceed as follows. Let θ̂ be the least-squares esti-

mate of θ and define the tth residual by ẑt = yt−x′
αtθ̂α, t = 1, . . . , n, where

α = {1, . . . , p}. Bootstrap resamples ẑ∗t can be generated by resampling
with replacement from (ẑt − ẑ·)/

√
1− p/n and computing y∗t = x′

βtθ̂β + ẑ∗t ,
t = 1, . . . , n, where ẑ· = n−1

∑n
t=1 ẑt. We included the divisor

√
1− p/n to

cater for the bias of σ̂2 = 1/n
∑n

t=1(ẑt − ẑ·)2. A more accurate adjustment
can be obtained by dividing the centred residuals by

√
1− pn/n, where

pn = p + 1 − n−1
∑n

i=1

∑n
j=1 x′

i(x
′x)−1xj , see, for example, Shao and Tu

(1995) for more details.
The estimator (4.4) is too variable because it is based on one single boot-

strap sample. An improvement can be achieved by considering an average



4.3 Model selection in linear models 109

of Γ̃n(β), given by Γ̄n(β) = E∗[Γ̃n(β)], i.e.,

Γ̄n(β) =
1
n

n∑

t=1

E∗
[

Yt − x′
βtθ̂

∗
β

]2
= E∗

‖Y − xβθ̂
∗
β‖2

n
. (4.5)

In practice, Γ̄n(β) also tends to underestimate Γ(β), (Efron and Tibshirani,
1993). However, a more refined bootstrap estimator of Γ(β) can be found by
first estimating the bias in Γn(β) as an estimator of Γ(β), and then correct
Γn(β) by subtracting the estimated bias. The average difference between the
true prediction error and its estimate over data sets x, called the average
optimism (Efron and Tibshirani, 1993), can be estimated as

ên(β) = E∗

[

‖Y − xβθ̂
∗
β‖2

n
− ‖Y

∗ − xβθ̂
∗
β‖2

n

]

.

It can be easily shown that the above expression is equivalent to

ên(β) =
2σ̂2pβ

n
.

The final bootstrap estimator of Γ(β) is then given by

Γ̂n(β) =
‖Y − xβθ̂β‖2

n
+ ên(β) . (4.6)

This estimator is superior to Γ̄n(β) because it uses the observed (x′
t, yt), t =

1, . . . , n; averaging only enters into the correction term ên(β), while Γ̄n(β)
averages over data sets drawn from the empirical distribution. Although the
estimator Γ̂n(β) is better than Γ̄n(β), the model selection procedure based
on Γ̂n(β) is inconsistent and too conservative (Shao, 1996). In the next
section we present a consistent bootstrap method.

4.3.3 A consistent bootstrap method

Evaluation of Equation (4.6) leads to

Γ̂n(β) =
‖Z‖2

n
+
‖(I − hβ)µ‖2

n

− ‖hβZ‖2
n

+
2Z ′(I − hβ)µ

n
+ ên(β),

where Z = (Z1, . . . , Zn)′. Under some mild regularity conditions, see Shao
(1996), for example,

Γ̂n(β) = E[Γn(β)] + op(1) (4.7)
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and

Γ̂n(β) =
‖Z‖2

n
+

2σ2pβ

n
− ‖hβZ‖2

n
+ op(n−1)

for an incorrect, i.e., µ �= xθ, and a correct model, respectively. Herein,
the notation Yn = op(Xn) means that Yn/Xn = op(1), i.e., Yn/Xn con-
verges to zero in probability. The above result indicates that the model
selection procedure based on minimising Γ̂n(β) over β is inconsistent in that
limn→∞ P{β̂ = β0} < 1, unless β = {1, . . . , p} is the only correct model.
A consistent model selection procedure is obtained if we replace ên(β) by
êm(β) where m is chosen such that, with hβt = x′

βt(x
′
βxβ)−1xβt,

m

n
→ 0 and

n

m
max
t≤n

hβt → 0

for all β in the class of models to be selected. Then,

Γ̂n,m(β) =
‖Z‖2

n
+

σ2pβ

m
+ op(m−1)

when β is a correct model, otherwise Γ̂n,m(β) is as in Equation (4.7). These
results suggest that we use the estimator

Γ̂∗
n,m(β) = E∗

[

‖Y − xβθ̂
∗
β,m‖2

n

]

, (4.8)

where the estimate θ̂
∗
β,m is obtained from y∗t = x′

βtθ̂β + ẑ∗t , t = 1, . . . , n,
where ẑ∗t denotes the bootstrap resample from

√
n/m(ẑt − ẑ·)/

√
1− p/n.

We call the latter detrending of the original samples.
To evaluate the ideal expression in (4.8), we use Monte Carlo approxima-

tions, in which we repeat the resampling stage B times to obtain θ̂
∗(i)
β,m and

Γ̂∗(i)
n,m(β), and average Γ̂∗(i)

n,m(β) over i = 1, . . . , B. The final estimator is then

Γ̄∗
n,m(β) =

B∑

i=1

Γ̂∗(i)
n,m(β)

B
=

B∑

i=1

‖Y − xβθ̂
∗(i)
β,m‖2

Bn
, (4.9)

The bootstrap procedure for selecting models in linear regressions is sum-
marised in Table 4.1. The computational expense of the procedure is roughly
B times larger than that of Akaike’s or the MDL criteria, a negligible in-
crease with today’s computational power.

Another way to achieve consistency of the bootstrap method is to choose
m < n and calculate θ̂

∗
β,m based only on m bootstrap resamples y∗1, . . . , y∗m

generated from the empirical distribution putting mass 1/n on yt, t =
1, . . . , n. In practice it is hard to predict which method will do better.
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Table 4.1. Procedure for model selection in linear models.

Step 1. Based on y1, . . . , yn, compute the least-squares estimate θ̂α and

ẑt = yt − x′
αtθ̂α, t = 1, . . . , n,

where α = {1, . . . , p}.

Step 2. Resample with replacement from
√

n/m(ẑt − ẑ·)/
√

1− p/n to obtain ẑ∗t ,
where m

n → 0 and n
m maxt≤n hβt → 0 for all β in the class of models to be

selected.

Step 3. Compute

y∗
t = x′

βtθ̂β + ẑ∗t , t = 1, . . . , n

and the least-squares estimate θ̂
∗
β,m from (y∗

t ,xβt).

Step 4. Repeat Steps 2–3 to obtain θ̂
∗(i)
β,m and

Γ̂∗(i)
n,m(β) =

‖y − xβ θ̂
∗(i)
β,m‖2

n
, i = 1, . . . , B .

Step 5. Average Γ̂∗(i)
n,m(β) over i = 1, . . . , B to obtain Γ̄∗

n,m and minimise over β to
obtain β̂0.

For small samples, we recommend scaling the residuals. For a sufficiently
large sample, we have found that both schemes lead to high power. An op-
timal m may depend on model parameters and thus may be difficult or even
impossible to determine. One guideline for choosing m is that p/m should
be reasonably small. For more details on this issue and the choice of scale
see the work of Shao (1996).

Let us consider two simple examples of bootstrap model selection in linear
models.

Example 4.3.2 Trend estimation

Consider estimating the model for a trend in a stationary iid process of
unknown distribution. Let

Yt = x′
tθ + Zt, t = 1, . . . , n,

where xt = (1, t, . . . , tp)′, t = 1, . . . , n, θ is the vector of polynomial coeffi-
cients chosen to be θ = (0, 0, 0.035,−0.0005)′ and n = 64. We simulate Yt

by adding Gaussian and t3-distributed noise of variance of 1 and 3, respec-
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Table 4.2. Empirical probabilities (in percent) of selecting models for a
trend with θ = (0, 0, 0.035,−0.0005)′, embedded in Gaussian and t3

distributed noise, n = 64, m = 2 (see Example 4.3.2).

N (0, 1) t3

Model β Γ̄∗ AIC MDL Γ̄∗ AIC MDL

(0, 0, b2, b3) 100 91 98 99 89 98
(0, b1, b2, b3) 0 5 1 1 5 1
(b0, 0, b2, b3) 0 3 1 0 3 1
(b0, b1, b2, b3) 0 2 0 0 3 0

tively. A Matlab procedure that can be used to evaluate the probability
of selecting the correct model order is given in Section A1.8. In the proce-
dure we have also included calculation of Akaike’s and the MDL criteria for
comparison purposes.

The bootstrap procedure uses B = 100 and m = 2. The minimiser of
Γ̄∗

n,m(β) is selected as the optimal model. Table 4.2 shows the empirical
probabilities based on 1000 independent Monte Carlo runs. Note that only
those models are listed which returned at least one hit. Clearly, in this
example the bootstrap outperforms Akaike’s and the MDL criteria.

Example 4.3.3 Harmonics in additive noise

We give an example where we estimate the model for a superposition of
harmonics in a stationary iid process of unknown distribution. The model
has been discussed in the context of estimation by Kay (1993, Example 4.2).
Let

Yt =
M∑

k=1

ak cos
2πkt

n
+ Zt, t = 1, . . . , n .

Collect the parameters a1, a2, . . . , aM into the vector θ and with

x =








cos(2π
n ) . . . cos(2πM

n )
cos(4π

n ) . . . cos(4πM
n )

...
...

...
1 . . . 1








,

write the linear regression

Y = xθ + Z .
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x is an n ×M matrix with entries cos(2πmt
n ) for m = 1, . . . , M and t =

1, . . . , n.

Table 4.3. Empirical probabilities (in percent) on selecting models for
harmonics with θ = (0.5, 0, 0.3, 0)′, embedded in Gaussian noise for n = 64
and signal-to-noise power ratio (SNR) of 5 and 20 dB for two m values.

Results obtained with AIC and the MDL criterion are also displayed.
Models not selected by any of the methods are not shown (see

Example 4.3.3).

SNR 20 dB (m = 20) 5 dB (m = 30)

Model β Γ̄∗
n,m AIC BIC Γ̄∗

n,m AIC BIC

(a1, 0, 0, 0) 0 0 0 6 0 11
(a1, 0, 0, a4) 0 0 0 1 1 0
(a1, 0, a3, 0) 100 83 95 86 77 82
(a1, 0, a3, a4) 0 8 4 3 12 3
(a1, a2, 0, 0) 0 0 0 1 0 0
(a1, a2, a3, 0) 0 9 1 3 10 4

We choose a1 = 0.5, a3 = 0.3 and ak = 0 otherwise. We simulate Yt by
adding Gaussian and t3-distributed noise of variance such that the signal-
to-noise power ratio varies between 0 and 20 dB. A Matlab procedure for
evaluating the probability of selecting the correct model is given in Sec-
tion A1.8.

The results obtained for both noise types are similar. The bootstrap pro-
cedure is performed using M = 4, B = 100 and various m values. The
minimiser of Γ̄∗

n,m(β) is selected as the optimal model. Table 4.3 shows the
empirical probabilities, based on 1000 independent Monte Carlo runs, on
selecting some models. Clearly, in this example the bootstrap outperforms
Akaike’s and the MDL criterion. It also outperforms the φ and the corrected
Akaike’s criterion (AICC) (Hurvich and Tsai, 1989). For example, for the
correct model, we obtained 76% and 85% at 20 dB SNR with the φ crite-
rion and the AICC, respectively. For 5 dB SNR the empirical probabilities
dropped to 72% and 80% respectively.

A more complex application of the method has been presented previously
where the optimal model of a polynomial phase signal was estimated (Zoubir
and Iskander, 2000). Note that here we consider model selection which differs
from model order selection in that the full model rather than only the order
is estimated.
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4.3.4 Dependent data in linear models

Let us focus our attention on dependent data models. When the additive
noise in the linear model is dependent, we may combine the model selection
approach with bootstrap resampling schemes outlined in Section 2.1.4.

Recall from the linear model selection procedure of Table 4.1 that we can
form residuals

ẑt = yt − x′
αtθ̂α, t = 1, . . . , n.

In the iid data case these residuals are simply used in a classical resampling
scheme. However, for dependent data, we will use the concept of the block
of blocks bootstrap. To perform resampling, we will select a block length
M , and form a matrix by dividing ẑt into nb = n/M non-overlapping blocks

[ẑkl] =






ẑ1 ẑM+1 · · · ẑn−M+1
...

...
...

...
ẑM ẑ2M · · · ẑn




 ,

k = 1, . . . , M and l = 1, . . . , nb. In this way we can assume that the residuals
in each of the rows of [ẑl] are independent. This allows us to use a classical
bootstrap resampling scheme in which we resample the columns of [ẑkl].
Then, we rearrange the matrix [z̃∗kl] (after scaling) into a long vector to form
z̃∗t , t = 1, . . . , n, and continue with the algorithm as indicated in Table 4.1.

Note that such a scheme allows us to individually scale portions of data. In
other words, the scale parameter m may be different for each of the columns
of matrix [ẑkl]. One such problem has been encountered in modelling corneal
elevations from the videokeratoscopic data where the variance of the noise
increases linearly with the radial distance from the centre of the cornea
(Iskander et al., 2004).

4.4 Model selection in nonlinear models

4.4.1 Data model

The principles discussed in the previous section are easily extendible to
nonlinear models. We define a nonlinear model by

Yt = g(xt, θ) + Zt, t = 1, . . . , n, (4.10)

where Zt is a noise sequence of iid random variables of unknown distribution
with mean zero and variance σ2

Z . The model in (4.10) can also be written
as

µt = E[Yt|xt] = g(xt, θ), var[Yt|xt] = σ2
Z ,
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for t = 1, . . . , n. Herein, g is a known function. Let B be a collection of
subsets of {1, . . . , p}, and let gβt(θβ) = gβ(xβt, θβ), where β ∈ B and gβ is
the restriction of the function g to the admissible set of (xβt, θβ). Let B̃ be
the admissible set for θ.

4.4.2 Use of bootstrap in model selection

A consistent bootstrap procedure for selecting β is based on minimising an
estimator of the prediction error Γ(β) with respect to β. The estimator is
given by

Γ̄∗
n,m(β) = E∗






n∑

t=1

(

Yt − gβt(θ̂
∗
β,m)

)2

n




 ,

where

θ̂
∗
β,m = θ̂β + mβ(θ̂β)−1

n∑

t=1

ẑ∗t ġβt(θ̂β),

ġ(γ) = ∂g(γ)/∂γ, mβ(γ) =
∑n

t=1 ġβt(γ)ġβt(γ)′ and θ̂β being the solution
of

n∑

t=1

(yt − gβt(γ)) ġβt(γ) = 0

for all γ ∈ B̃. A detailed procedure is given in Table 4.4.
The proof for consistency of this procedure requires more regularity condi-

tions than the one in Section 4.3. Specifically, conditions for the asymptotic
Gaussianity of θ̂β and its bootstrap analogue are needed (Shao, 1996). For
more details, see Shao and Tu (1995). The performance of this method is
highlighted in an example.

Example 4.4.1 Oscillations in noise

Consider the model

Yt = cos(2π(a1 + a2t + a3t
2)) + Zt, t = 1, . . . , n .

In this case θ = (a1, a2, a3)′ and B = {βk, k = 1, 2, 3, 4}. Then, for example,
gβ1t(θβ1) = cos(2πa1) (a2, a3 = 0), gβ2t(θβ2) = cos(2π(a1 + a3t

2)) (a2 = 0),
gβ3t(θβ3) = cos(2π(a1 + a2t)) (a3 = 0) and gβ4t(θβ4) = cos(2π(a1 + a2t +
a3t

2)) (a2, a3 �= 0). We run simulations at 10 and 20 dB SNR with n = 128
and m = 120. The coefficients were selected to be a1 = 0.5, a2 = 0 and
a3 = 0.00015. The empirical probabilities (based on 100 simulations) are
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Table 4.4. Bootstrap procedure for model selection in nonlinear regression.

Step 1. With yt, t = 1, . . . , n, find θ̂α, the solution of
n∑

t=1

(yt − gαt(γ)) ġαt(γ) = 0,

for all γ ∈ B̃ with α = {1, . . . , p}.
Step 2. Compute the residuals

ẑt = yt − gαt(θ̂α), t = 1, . . . , n.

Step 3. Get ẑ∗t , t = 1, . . . , n, iid samples from the empirical distribution putting
mass n−1 on each

√
n/m(ẑt − ẑ·)/

√
1− p/n, t = 1, . . . , n.

Step 4. With ġ(γ) = ∂g(γ)
∂γ and mβ(γ) =

∑n
t=1 ġβt(γ)ġβt(γ)′, compute

θ̂
∗
β,m = θ̂β + mβ(θ̂β)−1

n∑

t=1

ẑ∗t ġβt(θ̂β) .

Step 5. Repeat Steps 3–4 a large number of times to obtain θ̂
∗(i)
β,m, i = 1, . . . , B.

Step 6. Compute

Γ̄∗
n,m(β) = B−1

B∑

i=1

n∑

t=1

(

yt − gβt(θ̂
∗(i)
β,m)

)2

n
.

Step 7. Minimise Γ̄∗
n,m(β) over β to find β̂.

given in Table 4.5. Similar results were obtained under different conditions
and parameter settings. Here again, the bootstrap demonstrates its power
for model selection in nonlinear models. Note also that unless the problem
can be linearised, nonlinear least squares procedures are used. In such cases,
the probability of selecting the correct model order also depends on the
initial estimates.

In Section 4.3 we discussed correlated noise in a linear model and proposed
the use of the block of blocks bootstrap. Alternatively, we would model the
coloured noise sequence as an autoregressive process, for example. Then,
the residuals of the autoregressive process could be used for resampling.
Resampling autoregressive processes for model selection is discussed below.
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Table 4.5. Empirical probabilities (in percent) of selecting the true model
from Example 4.4.1, where β2 is the true model.

SNR β1 β2 β3 β4

20 dB 0 100 0 0
10 dB 0 98 0 2

4.5 Order selection in autoregressions

The methods discussed above can be generalised to linear random processes.
Here, we consider model order selection of an autoregressive process, where

Yt = θ1Yt−1 + θ2Yt−2 + · · ·+ θpYt−p + Zt, t = 1, . . . , n,

with p being the order, θk, k = 1, . . . , p, are unknown parameters and Zt

are zero-mean iid random variables with variance σ2. Let

(y1−p, . . . , y−1, y0, y1, . . . , yn)′

be observations of Yt and collect the parameters into a vector θ whose least
squares estimate is

θ̂ = r−1
n

(
n∑

t=1

yt−1yt, . . . ,
n∑

t=1

yt−pyt

)

,

where r−1
n is the p×p matrix whose (i, j)th element is given by

∑n
t=1 yt−iyt−j .

The residuals are obtained from ẑt = yt −
∑p

k=1 θ̂kyt−k, t = 1, . . . , n.
A resampling procedure for estimating the variance of the estimator of

the parameter of an AR(1) process has been described in Example 2.1.9.
The principle can be used here in a similar fashion to estimate the order of
an AR process. We thus select a model β from α = {1, . . . , p}, where each
β corresponds to the autoregressive model of order β, i.e., Yt = θ1Yt−1 +
θ2Yt−2 + · · ·+ θβYt−β + Zt, β ∈ α. The optimal order is

β0 = max {k : 1 ≤ k ≤ p, θk �= 0},
where p is the largest order. The bootstrap approach is described in Ta-
ble 4.6.

The procedure described in Table 4.6 is consistent in that Prob[β̂ = β0]→
1 as n → ∞, provided m satisfies m → ∞ and m/n → 0 as n → ∞. The
proof requires stability of the recursive filter and Cramér’s condition, see
details in Shao (1996). Note that in Sections 4.3 and 4.4 m was a scalar
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Table 4.6. Procedure for order selection in an AR model.

Step 1. Resample the residuals (ẑt − ẑ·) to obtain ẑ∗t .

Step 2. Find θ̂
∗
β,m the least-squares estimate of θβ under β from

y∗
t =

β∑

k=1

θ̂ky∗
t−k + ẑ∗t , t = 1− p, . . . ,m,

with m replacing n and where the initial bootstrap observations{
y∗
1−2p, . . . , y

∗
−p

}
are chosen to be equal to {y1−p, . . . , y0}.

Step 3. Repeat Steps 1–2 to obtain θ̂
∗(1)
β,m, . . . , θ̂

∗(B)

β,m and

Γ̄∗
n,m(β) =

B∑

i=1

n∑

t=1

(

yt −
β∑

k=1

yt−kθ̂
∗(i)
k,m

)2

Bn

Step 4. Minimise Γ̄∗
n,m(β) over β to find β̂.

of the residuals while here it determines the size of the data used for the
bootstrap estimates.

Example 4.5.1 Order selection in an autoregressive model

In this example, we consider the problem of determining the order of the
process described by

Yt = −0.4Yt−1 + 0.2Yt−2 + Zt, t ∈ Z,

where Zt is a standard Gaussian variable. A number of n = 128 observations
was considered. Results of the procedure described in Table 4.6 as well as a
comparison with Akaike’s and the MDL criterion are given in Table 4.7.

Table 4.7. Empirical probabilities (in percent) of selecting the true AR
model from Example 4.5.1, p = 2, n = 128 and m = 40.

Method β = 1 β = 2 β = 3 β = 4

Bootstrap 28.0 65.0 5.0 2.0
AIC 17.8 62.4 12.6 7.2
MDL 43.2 54.6 2.1 0.1
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Similar results were obtained with different constellations and noise types.
In these simulations, the choice of m did not appear to have an effect on the
results, as long as it satisfied the condition given above.

4.6 Detection of sources using bootstrap techniques

Detection of the number of sources is a preliminary step in array processing
problems. It is a model selection problem and so classical techniques such
as Akaike’s and the MDL criterion have been applied, though the former is
not recommended as it consistently over-estimates the number of sources.
Several modifications to the MDL criterion have been developed to improve
performance for the practical cases of small sample sizes or low SNR (Fishler
and Messer, 1999).

The problem is best described in terms of a statistical model where n

snapshots of iid zero mean complex data are received from a p element
array,

xt = Ast + vt, t = 1, . . . , n. (4.11)

A is a p × q array steering matrix, st is a q (q < p) vector valued white
source signal and vt is noise with covariance σ2I. The source and noise are
assumed to be independent, so that the covariance of the received signal,
the array covariance, is

R = E
[
xtx

H
t

]
= ARsA

H + σ2I (4.12)

where Rs = E
[
sts

H
t

]
is the covariance of the sources. The ordered eigen-

values of R are

λ1 ≥ · · · ≥ λq > λq+1 = · · · = λp = σ2 (4.13)

so that the smallest p − q population eigenvalues are equal. These equal
eigenvalues belong to the noise subspace of the signal, the remaining eigen-
values are said to belong to the signal subspace. The problem of detecting
the number of sources is then one of determining the multiplicity of the
smallest eigenvalues.

The problem of testing for equality of eigenvalues was considered by
Lawley who worked within a hypothesis testing framework to develop the
sphericity test (Lawley, 1956). For source detection it is necessary to test in
a sequential manner for equality of subsets of the eigenvalues. A modifica-
tion of Lawley’s sphericity statistic has since been developed to account for
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the presence of eigenvalues not included in the subset being tested and, in
contrast to the sphericity statistic, converges to the correct asymptotic χ2

density giving higher detection rates (Williams and Johnson, 1990).
For finite samples the ordered sample eigenvalues li, i = 1, . . . , p, are

estimated from the sample covariance

R̂ =
1

n− 1

n∑

t=1

xtx
H
t (4.14)

and are distinct with probability one for finite sample sizes (Anderson, 1984),

l1 > · · · > lq > lq+1 > · · · > lp > 0. (4.15)

The sample eigenvalues are biased and mutually correlated. Their finite
sample joint distribution is known in the Gaussian case and is represented
as a series of zonal polynomials (James, 1960), a form too cumbersome for
general use. A mathematically tractable form for their asymptotic joint
distribution does exist in the Gaussian case (Anderson, 1963), though it
may be unreliable for the small sample sizes considered here. Also, this
joint distribution is sensitive to departures from Gaussianity (Waternaux,
1976).

All the aforementioned methods are based on the assumption of Gaussian
data, that is Gaussian sources and Gaussian noise. Under non-Gaussianity
their behaviour is uncertain, at best one can expect their performance to
degrade gracefully, though it is known that the distribution of the sample
eigenvalues can be sensitive to departures from Gaussianity (Waternaux,
1976). While a reformulation of AIC, MDL or sphericity tests to deal with
non-Gaussian data is possible, the multitude of alternatives makes this ap-
proach problematic.

Using the bootstrap to overcome the assumption of Gaussianity and large
sample sizes, a hypothesis test for equality of the smallest eigenvalues can
be developed. The procedure differs from the sphericity test in that all
pairwise comparisons, or differences, of the eigenvalues are considered and
then combined in a multiple test procedure.

The null distributions of these statistics are estimated using the bootstrap.
This means the finite sample and not the asymptotic distributions are es-
timated, in contrast to the asymptotically correct distributions used in the
sphericity test. This makes only minimal assumptions on the distribution
of the signal.
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4.6.1 Bootstrap based detection

Whether the source detection scheme is based on information theoretic crite-
ria or hypothesis tests, the common assumption of Gaussian data generally
leads to some variant of the statistic

(
p∏

i=k

li

)
1

p− k + 1

1
p−k+1

p∑

i=k

li

, k = 1, . . . , p− 1, (4.16)

which is the ratio of the geometric mean to the arithmetic mean of the
smallest p− k + 1 sample eigenvalues. For the MDL the term enters as the
likelihood function of the data, while for the sphericity test it comprises the
test statistic, up to a multiplying factor. When viewed in this sense, the
MDL can be considered a type of sphericity test where the level is adaptive.
For non-Gaussian data this statistic still has relevance, but the performance
of a test based on it is uncertain.

Equation (4.13) suggests q be estimated by determining the multiplicity
of the smallest ordered sample eigenvalues. This can be accomplished by
considering the following set of hypothesis tests,

H0 : λ1 = · · · = λp
...

...
Hk : λk+1 = · · · = λp

...
...

Hp−2 : λp−1 = λp

(4.17)

with corresponding alternatives Kk : not Hk, k = 0, . . . , p−2. Acceptance of
Hk leads to the estimate q̂ = k. A practical procedure to estimate q starts
with testing H0 and proceeds to the next hypothesis test only on rejection of
the hypothesis currently being tested. Upon acceptance the procedure stops,
implying all remaining hypotheses are true. The procedure is outlined in
Table 4.8.

If one takes the case of Gaussian signals and makes simplifications to
obtain an asymptotically correct closed form expression for the distribution
of a test statistic based on (4.16), the sphericity test is obtained. Similarly,
by following an information theoretic approach one arrives at the MDL.

At this point the sphericity test assumes Gaussianity, here this assumption
is not made. Following through with the hypothesis testing approach, con-
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Table 4.8. Hypothesis test for determining the number of sources.

Step 1. Set k = 0.

Step 2. Test Hk.

Step 3. If Hk is accepted then set q̂ = k and stop.

Step 4. If Hk is rejected and k < p − 1 then set k ← k + 1 and return to Step 2.
Otherwise set q̂ = p− 1 and stop.

sider all possible pairwise differences among the sample eigenvalues which
lead to the test statistics

Tn,ij = li − lj , i = k + 1, . . . , p− 1, j = i + 1, . . . , p. (4.18)

These differences will be small when li and lj are both noise eigenvalues, but
relatively large if one or both of li and lj are source eigenvalues. Representing
the pairwise comparisons in a hypothesis testing framework gives

Hij : λi = λj , (4.19)

Kij : λi �= λj , i = k + 1, . . . , p− 1, j = i + 1, . . . , p.

The hypotheses Hk can then be formulated as intersections between the
pairwise comparisons,

Hk = ∩i,jHij , (4.20)

Kk = ∪i,jKij , i = k + 1, . . . , p− 1, j = i + 1, . . . , p.

The pairwise comparisons are carried out using a multiple test procedure to
maintain a global level of significance, as discussed next.

4.6.1.1 Multiple hypothesis testing

Multiple hypothesis tests are employed when several individual hypotheses
are tested simultaneously and a certain global level of significance must be
maintained (Hochberg and Tamhane, 1987). The global level of significance,
α, is defined as the probability with which at least one of the hypotheses is
rejected, given that all are true,

α = Pr(reject at least one Hij | all Hij are true). (4.21)

In the above test for equality of eigenvalues the global hypothesis, H0, is that
all eigenvalues are equal. Thus, when no sources are present, the probability
of correctly choosing q̂ = 0 should be maintained at 1− α.
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Bonferroni’s multiple test procedure is one of the simplest such meth-
ods. Each hypothesis, Hij , is tested at a level α/h where h = p(p − 1)/2 is
the number of hypotheses comprising the global hypothesis. Assuming the
significance values are independent and uniformly distributed on [0, 1) this
method exactly controls the level at α. When the significance values are
dependent, Bonferroni’s procedure is conservative and has reduced power.
Stepwise methods such as Holm’s sequentially rejective Bonferroni proce-
dure (SRB) are less conservative while strongly controlling the level. Strong
control is a favourable property implying (4.21) is satisfied over all sub-
sets of hypotheses including the global null. For further details on multiple
hypothesis tests see Hochberg and Tamhane (1987).

In this problem the significance values are not independent due to correla-
tion between sample eigenvalues and logical implications between hypothe-
ses. For instance, if H1p were true, this would imply all the Hij were true.
Hence, the SRB procedure is used exclusively. The procedure as it applies
to this problem is as follows. Given significance values Pij for the Hij , order
them so that P(1) ≥ P(2) ≥ · · · ≥ P(h) and label the corresponding hypothe-
ses H(1), . . . ,H(h). If P(h) ≥ α/h then all hypotheses are accepted, otherwise
H(h) is rejected and H(h−1) is tested. If P(h−1) ≥ α/(h−1) then the hypothe-
ses H(1), . . . ,H(h−1) are accepted, otherwise H(h−1) is rejected and H(h−2) is
tested. The procedure continues until either the remaining hypotheses are
accepted, or all are rejected. Table 4.9 summarises the method.

Table 4.9. Holm’s sequentially rejective Bonferroni procedure.

Step 1. Set i = q.

Step 2. If P(i) ≥ α/i, accept all H(i), . . . ,H(1) and stop, otherwise reject H(i).

Step 3. If i = 1 stop, otherwise set i← i− 1 and return to Step 2.

Once the Hij have been tested, all that remains is to step through Ta-
ble 4.8. From (4.20) it is evident that Hk is rejected if any of the hypotheses
Hij , i = k + 1, . . . , p, j > i, are rejected. Significance values are determined
from estimates of the null distributions, obtained using the bootstrap, as
discussed next. A similar approach was considered in Zoubir and Böhme
(1995) to find significance values for complicated test statistics.
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4.6.2 Null distribution estimation

Evaluation of the significance values needed to carry out the hypothesis tests
requires knowledge of the null distributions of the test statistics, the pairwise
differences, Tn,ij = li− lj . The bootstrap is used as a nonparametric estima-
tor of the null distributions (Efron and Tibshirani, 1993). Using the boot-
strap allows us to avoid making assumptions about the distribution of the
signals. As mentioned, this advantage is quite important when working with
eigenvalues since their distribution is too complex for general use (James,
1960), while asymptotic expansions derived under Gaussianity (Anderson,
1963) may not be valid for the small sample sizes considered. Asymptotic
approximations developed for non-Gaussian cases require knowledge of the
higher order moments of the data, which are difficult to estimate for small
sample sizes (Waternaux, 1976; Fujikoshi, 1980). Next we present the boot-
strap method as applied to this problem.

Bootstrapping eigenvalues. Here, the bootstrap is used to estimate the
distribution of the test statistics from the sample. The principle is to treat
the sample as an empirical estimate of the true distribution and then to
resample from this estimate, creating bootstrap data sets. These data sets
can then be used to perform inference.

In this case the sample is a set of vectors, the array snapshots, collected
into the data matrix

X = [x1, . . . ,xn]. (4.22)

Let the empirical density be given by delta functions located at each sample
and weighted by 1/n. Resampling from this empirical density is equivalent
to randomly resampling from the original data set with replacement, giving
the bootstrap data

X∗ = [x∗
1, . . . ,x

∗
n]. (4.23)

The sample eigenvalues of this data set are

l∗1 > · · · > l∗p. (4.24)

From the bootstrapped eigenvalues we can form the required test statistic.
Repeating the procedure B times gives an estimate of the distribution of
this test statistic which can be used for inference. The bootstrap procedure
for eigenvalues is shown in Table 4.10.

For linear statistics, such as the sample mean, the bootstrap is known to
perform well and is a consistent estimator of the distribution. For complex
nonlinear operations such as eigenvalue estimation these properties may not
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Table 4.10. Bootstrap procedure for resampling eigenvalues.

Step 1. Define the matrix of array snapshots X = [x1, . . . ,xn].

Step 2. Randomly select a snapshot from X with replacement. Repeat n times
to form the bootstrap data X∗ = [x∗

1, . . . ,x
∗
n].

Step 3. Centre X∗ by subtracting the sample mean from each row,

x∗
i ← x∗

i −
1
n

n∑

j=1

x∗
j , i = 1, . . . , n.

Step 4. Estimate the sample correlation matrix, R̂
∗
, of the centred X∗.

Step 5. The resampled eigenvalues, l∗1, . . . , l
∗
p, are estimated from R̂

∗
.

Step 6. Repeat Steps 2 to 5 B times to obtain the bootstrap set of eigenvalues
l∗1(b), . . . , l

∗
p(b), b = 1, . . . , B.

apply. In Beran and Srivastava (1985, 1987) the statistical properties of the
bootstrapped eigenvalues are considered. It is shown that while the boot-
strap converges to the correct asymptotic distributions for distinct eigenval-
ues, the same is not true of the multiple eigenvalues. Bootstrapping with
fewer resamples, m, where m < n, min(m, n) → ∞ and m/n → 0, ensures
the bootstrap converges weakly to the asymptotic distribution for multiple
eigenvalues with sample size m. The sample sizes considered here are quite
small, being on the order of 100. It was found that to fulfil the conditions
which ensure weak convergence for the multiple eigenvalues the decrease in
resample size would increase the error in eigenvalue estimation to the point
that the overall error in the distribution increased.

For large sample sizes subsampling may be used to ensure weak conver-
gence of the multiple eigenvalues to their asymptotic distributions. The
conditions under which subsampling is valid encompass a wider range of
distributions and more complex statistics than with the bootstrap (Politis
et al., 1999). In subsampling the data is resampled m < n times, either with
or without replacement. To account for the decrease in sample size the rate
of convergence to the asymptotic distribution must be estimated. Usually
the rate is of the form (m/n)τ where τ ≈ 0.5. The use of subsampling for
this problem was investigated, though again, the bootstrap was found to
provide a sufficiently accurate estimate.
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Bootstrap Procedure. Given the bootstrap set of eigenvalues the test
statistic of (4.18) is recalculated giving T ∗

n,ij = l∗i − l∗j . Repeating this
procedure B times gives the set of bootstrapped test statistics, T ∗

n,ij(b),
b = 1, . . . , B. From these bootstrapped statistics the distribution of Tn,ij

under the null hypothesis is estimated as TH
n,ij(b) = T ∗

n,ij(b) − Tn,ij (Efron
and Tibshirani, 1993). Note that the test statistics are not studentised, pre-
liminary investigations having shown the extra computational cost required
to be unwarranted. Significance values for the two-sided hypothesis tests
are then evaluated as

Pij =
1
B

B∑

b=1

I
(

|Tn,ij | ≤ |TH
n,ij(b)|

)

(4.25)

where I(·) is the indicator function.

4.6.3 Bias correction

Distinct sample eigenvalues, or those corresponding to sources, are asymp-
totically unbiased, while the multiple sample eigenvalues corresponding to
the noise only are asymptotically biased. In the small sample case the bias
becomes quite significant.

The hypothesis tests upon which the detection scheme rests are based
upon detecting a statistically significant difference between the eigenvalues.
Bias in the multiple sample eigenvalues falsifies the assumption that noise
only sample eigenvalues have equal means. This necessitates some form of
bias correction.

Several resampling methods for bias correction exist based on the boot-
strap, the jackknife and subsampling (Efron and Tibshirani, 1993; Politis,
1998). Aside from the problems of non-Gaussianity and small sample sizes,
the advantage of resampling techniques for bias correction in this case is that
they can be applied blindly, with no knowledge of the eigenvalue multiplicity.

In Brcich et al. (2002) it was found that the jackknife estimate of bias
BiasJCK performed best among the resampling methods. It also performed
well compared to a robust estimator of eigenvalue bias, BiasLBE, developed
from the expected value of the sample eigenvalues as found by Lawley (1956).
BiasLBE is defined as

B̂iasLBE(li) =
1
N

p∑

j=i+1

lj

K∑

k=0

(
lj
li

)k

− 1
N

i−1∑

j=1

li

K∑

k=0

(
li
lj

)k

(4.26)

for some suitable K. Limiting K guards against a large increase in the
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variance of the bias corrected eigenvalues when they are not well separated.
This must be balanced against an increase in the bias of the estimator for
small K. A moderate value of K = 25 was used here.

Note that bias correction is applied to both the sample eigenvalues and
the bootstrapped eigenvalues. A summary of the entire detection procedure
is given in Table 4.11.

Table 4.11. Bootstrap detection procedure.

Step 1. Estimate the eigenvalues, l1, . . . , lp, from the matrix of array snapshots
and apply one of the bias corrections BiasLBE or Bias JCK.

Step 2. Obtain the B bootstrapped eigenvalue sets as in Table 4.10 and bias cor-
rect each set using the same correction procedure as above.

Step 3. Calculate the test statistics Tn,ij and the bootstrap estimate of their dis-
tributions under the null, TH

n,ij .

Step 4. Given the level, carry out the multiple hypothesis test as in Table 4.8.

4.6.4 Simulations

The following simulation compares bootstrap based detection with the MDL
(Wax and Kailath, 1985) and the sphericity test (Williams and Johnson,
1990). In this scenario q = 3 sources at 10, 30 and 50 degrees and SNRs of
−2, 2 and 6 dB respectively impinge on a p = 4 element array whose element
spacing which was one half the wavelength, the signals were Gaussian. The
number of resamples was B = 200 and the global level of significance α =
2%.

For small sample sizes of 100 snapshots or less the bootstrap method
achieves a consistently higher detection rate than the sphericity test (see
Figure 4.1). As already discussed, this is a result of the bootstrap estimating
the finite sample distributions in contrast to the asymptotic correctness of
the sphericity test. Further results can be found in Brcich et al. (2002).

4.7 Summary

Throughout this chapter we have focused our attention on model selection.
Linear as well as nonlinear models have been considered. We have examined
the case of deterministic explanatory variables only. However, as mentioned
earlier, the extension to a random explanatory variable is straightforward
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Fig. 4.1. Empirical probability of correctly detecting the number of sources as the
sample size is varied. JCK denotes Jackknife bias correction and LBE Lawley’s
modified correction. Results were averaged over 100 Monte Carlo simulations.

and requires resampling pairs or cases. This type of resampling leads to a
design matrix x∗ that is not equal to the original x. This is not problematic
for large samples. However, for a small n the scheme has to be viewed with
caution. A good feature of resampling pairs (even for a deterministic x)
is that the scheme is robust because it caters for model uncertainty. More
details on this issue can be found in the work of Shao (1996).

We have also emphasised that bootstrap model selection procedures will
not be consistent unless the residuals are appropriately scaled. This may
cause a problem in those practical applications in which the level of noise
changes or is difficult to predict. We have observed in our experimental
work that there is a strong link between the signal-to-noise ratio and the
optimal level of scaling. For example, if the signal to noise ratio is small,
we choose a smaller m to increase the variability of the residuals. In the
alternative case, the scaling parameter should be larger so that the model is
not overparameterised. Thus, the choice of m is crucial. On the other hand,
we have experienced many cases in which the model selection algorithm
performs well for a wide range of scaling parameters. In summary, in many
cases it is up to the designer to evaluate the scaling parameter through trial
and error because no theory for optimal selection of the parameter m exists.
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We have also reported bootstrap methods for model order selection in
autoregressions. All the methods presented in this chapter show that they
outperform classical model selection techniques such as Akaike’s Informa-
tion Criterion and Rissanen’s Minimum Description Length. This is mostly
evident in small sample cases.

The chapter closes with an application of the bootstrap to the detection of
the number of sources impinging on an array. The methods outperform ex-
isting techniques, including the sphericity test, but at the cost of additional
computation.
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Real data bootstrap applications

Chapters 3 and 4 dealt with fundamentals of bootstrap based detection and
model selection, respectively. In this chapter, we provide some interesting
applications of the theory covered in the former chapters to real world prob-
lems. We report only on some problems we worked on over the last years.
These selected problems had been solved using classical techniques only if
we had made strong assumptions which may not be valid. They are also
analytically intractable.

The applications include a wide range of signal processing problems. We
first report on results for optimal vibration sensor placement on spark ig-
nition engines to detect knock. We show how the bootstrap can be used
to estimate distributions of complicated statistics. Then we discuss a pas-
sive acoustic emission problem where we estimate confidence intervals for
an aircraft’s flight parameters. This is followed by the important problem
of civilian landmine detection. We suggest an approach to detect buried
landmines using a ground penetrating radar. We continue with another
radar application concerning noise floor estimation in high frequency over-
the-horizon radar. The chapter concludes with the estimation of the optimal
model for corneal elevation in the human eye.

5.1 Optimal sensor placement for knock detection

This application illustrates the concepts discussed in Sections 3.2 and 2.2
of hypothesis testing and variance stabilisation, respectively. For a more
detailed treatment of this application the reader is referred to Zoubir and
Böhme (1995).

130
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5.1.1 Motivation

A means for lowering fuel consumption in spark ignition engines is to increase
the compression ratio. This is, however, limited by the occurrence of knock,
an extremely fast combustion that generates a knocking or ringing sound.
Knock has a damaging effect on the engine, especially when it occurs at high
speed. It also reduces efficiency due to heat loss resulting from turbulence in
the combustion chamber (König and Böhme, 1996). Once detected, knock
can be controlled by adapting the angle of ignition.

A means of detecting knock accurately is to record the in-cylinder pres-
sure via pressure transducers mounted at suitable points inside the cylinder.
However, installation of pressure transducers is costly and their use is re-
stricted to reference purposes in engine or fuel development. Alternatively,
the use of vibration sensors mounted on the engine block (currently installed
in serial productions) for knock detection is economical and easy. However,
the performance of knock detection systems suffers from the low signal-to-
noise power ratio of structural vibration signals due to noise from mechanical
sources such as valves or bearings.

To improve the detection of knock at moderate cost advanced signal pro-
cessing methods have been used to analyse structural vibrations. Further
improvements in detection power are possible if one can find suitable sensor
positions for knock detection. Suitably placed vibration sensors improve, in-
dependently of the knock detection scheme used, the detectability of knock-
ing cycles and permit safe operation at high efficiency. Below, we illustrate
a bootstrap approach to solve the problem of optimal sensor placement.

5.1.2 Data model

The solution lies in finding the optimal distribution of vibration sensors.
First, a group of sensors is placed on the engine wall in a heuristic fashion.
Next, statistical tests are used to select from among this group of sensors
those ones that most accurately model the in-cylinder pressure recorded as
a reference.

The real scenario is depicted in Figure 5.1 where a 1.8 l spark ignition
engine with four cylinders, a compression ratio of 10 : 1 and 79 kW power
was used. The in-cylinder pressure signals of cylinders 1 and 3 (D1 and
D3 in Figure 5.1) were recorded together with the output signals of eight
acceleration sensors placed at heuristically chosen positions on the engine
block and the cylinder head (sensor SK1). The manufacturer’s aim is to use
only one sensor for knock detection in a four cylinder engine.

The idea is to use a prediction filter as depicted in Figure 5.2. In this
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Fig. 5.1. Position of sensors on the engine.

figure, St, t = 0,±1,±2, . . . , models the in-cylinder pressure in an arbitrary
cylinder (signal of sensor D1 or D3 in Figure 5.1). The r vector-valued process
Zt describes the vibration signals. For this purpose, Zt, t = 0,±1,±2, . . . ,

is structured into Zt = (X ′
t, Yt)′ where Yt is the output signal of an arbitrary

sensor within the group of r sensors. As described in Figure 5.2, St is re-
constructed by linearly transforming at once Zt and Xt (omitting Yt). On
the basis of the resulting error spectral increment CE2E2(ω)− CE1E1(ω), the
irrelevancy of the signal Yt in predicting St at ω is decided. The error
increment is proportional to |RSZ(ω)|2−|RSX(ω)|2 the so-called “coherence
gain” contributed by signal Yt (Zoubir and Böhme, 1995). The lower the
coherence gain, the less the contribution of Yt for approximating St from
Zt = (X ′

t, Yt)′ by linear time-invariant operations. Thus, the closeness
to zero of |RSZ(ω)|2 − |RSX(ω)|2 is a measure of the irrelevancy of the
sensor whose output signal is Yt, which can be formulated as the test of the
hypothesis

H : |RSZ(ω)|2 − |RSX(ω)|2 ≤ θ0(ω)

against the one-sided alternative,

K : |RSZ(ω)|2 − |RSX(ω)|2 > θ0(ω)

where θ0(ω) is a suitably chosen bound close to zero.
Given observations St, Zt for t = 1, . . . , n and L independent combustion

cycles, an estimate of the spectral density matrix CV V (ω) of the r+1 vector
valued process V t = (Z ′

t, St)′ is given by

ĈV V (ω) =
1
L

L∑

i=1

1
2m + 1

m∑

s=−m

IV V

(
2π(s(n) + s)

n
, i

)

,

where s(n) is an integer with 2πs(n)/n close to ω, m is a positive integer,
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Zt Ŝ1,t
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Fig. 5.2. Prediction of the reference signal St by linear time-invariant filtering of
Zt or Xt.

and IV V (ω) is the matrix of periodograms. Based on ĈV V (ω)

|R̂SZ(ω)|2 =
ĈSZ(ω)ĈZZ(ω)−1ĈZS(ω)

ĈSS(ω)

and

|R̂SX(ω)|2 =
ĈSX(ω)ĈXX(ω)−1ĈXS(ω)

ĈSS(ω)
,

are computed.
The density function of |R̂SZ(ω)|2 was given by Goodman (1963), where

ĈV V (ω) was assumed to follow a Wishart distribution (see also the work
by Khatri (1965)). This holds asymptotically as n → ∞ (Brillinger, 1981,
1983) or for any fixed n given V t is Gaussian.

One encounters two problems with coherences. First, the applicability of
the asymptotic distribution given in Goodman (1963) and Khatri (1965) be-
comes questionable when n is small. Second, if one intends to conduct tests
for arbitrary nonzero hypothetical values of the multiple coherence, the dis-
tribution of the statistic becomes intractable even when assuming n is large.
The former problem becomes difficult and the latter even more if one is in-
terested in testing coherence differences such as |RSZ(ω)|2−|RSX(ω)|2. This
is because the sample value |R̂SZ(ω)|2 − |R̂SX(ω)|2 is the difference of two
statistically dependent variables (Xt is a subvector of Zt). This motivates
the use of the bootstrap to conduct accurate tests for the coherence gain.
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5.1.3 Bootstrap tests

Let θ(ω) = |RSZ(ω)|2 − |RSX(ω)|2 denote the parameter which is esti-
mated by θ̂(ω) = |R̂SZ(ω)|2 − |R̂SX(ω)|2, derived from the sample X (ω) =
{dV (ω, 1), . . . ,dV (ω, L)}, where dV (ω, i), i = 1, . . . , L, is the normalised
finite Fourier transform of the ith record of the stationary series V t.

Following the procedures of Table 3.1, and Table 2.3 or (3.12) one would
approximate the distribution of Tn(ω) = (θ̂(ω)− θ0(ω))/σ̂(ω), by the distri-
bution of the bootstrap statistic T ∗

n(ω) = (θ̂∗(ω)− θ̂(ω))/σ̂∗(ω) and perform
the test of the hypothesis H. In order to ensure that the statistic is pivotal,
we apply a variance stabilising transformation to θ̂(ω) prior to the tests, as
illustrated in Table 2.12.

As an example, Figure 5.3 shows the estimated standard deviations of
B3 = 1000 (see Table 2.12) bootstrap estimates of the coherence gain at
the first resonance frequency and 1750 rpm. The solid line results from a
quadratic polynomial fit. It is seen that the standard deviation strongly
depends on the parameter estimates.

The variance stabilising transformation obtained for this experiment is
depicted in Figure 5.4 and was found using B1 = 200, B2 = 25. In the ex-
periment, a fixed-span running lines smoother with span of 50% to smooth
the σ̂∗

i values over the bootstrap estimates θ̂∗i , i = 1, . . . , 1000, of θ̂ =
|R̂SZ(ω)|2 − |R̂SX(ω)|2 was used.

The standard deviations of new B3 = 1000 transformed bootstrap esti-
mates are shown in Figure 5.5. One can see that the obtained parabola in
Figure 5.5 is flatter than the one in Figure 5.3, and so the assumption of a
variance-stable scale is more accurate (Zoubir and Böhme, 1995).

In this application, we have to consider P resonance frequencies and also
2m + 1 frequencies in the neighbourhood of each resonance frequency, be-
cause the resonance frequencies are not known exactly and because of damp-
ing in the knock signals. Thus, the test becomes one of multiple hypotheses
H1,−m, . . . ,H1,m, . . . , HP,−m, . . . ,HP,m against one-sided alternatives, where
Hp,k is given by

Hp,k : |RSZ (ωp,k) |2 − |RSX (ωp,k) |2 ≤ θ0, (5.1)

where the bound θ0 is suitably chosen in the interval (0, 1] and ωp,k, k =
−m, . . . , m, are frequencies in the neighbourhood of the resonance frequen-
cies ωp with ωp,0 = ωp, p = 1, . . . , P . For testing the multiple hypotheses,
a bootstrap version of Holm’s generalised sequentially rejective Bonferroni
multiple test, as discussed in Section 4.6 is applied (Holm, 1979; Hochberg
and Tamhane, 1987). This procedure consists of evaluating the P-values
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Fig. 5.3. Standard deviation of bootstrap estimates of the coherence gain prior to
a variance stabilising transformation.

of the statistic Tn(ω) at different frequencies and sequentially rejecting sin-
gle hypotheses. The role of the bootstrap is to approximate the unknown
P-values by their bootstrap counterparts (Zoubir, 1994).

5.1.4 The experiment

The experiment was performed at three rotation speeds (1750, 3500 and
5250 rpm) under strong knocking conditions. A large number of combustion
cycles of length n = 128 data points each were digitised with respect to each
cylinder for all three rotation speeds. Then, for each cylinder and each
rotation speed L = 15 knocking combustion cycles with the highest power
were selected.

Four resonance frequencies were found from an estimate of CSS(ω), ob-
tained by averaging as many periodograms as the number of digitised cycles
for each cylinder and each rotation speed. Then, the spectral density ma-
trix CV V (ω) was estimated by averaging 15 periodograms and smoothing
over three frequency bins (m = 1). From this estimate, |R̂SZ (ωp,k) |2 −
|R̂SX (ωp,k) |2, p = 1, . . . , P , k = −m, . . . , m, was calculated for all three
rotation speeds and two cylinders.

After variance stabilising the sample coherence gain at the frequencies of
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Fig. 5.4. Estimated variance stabilising transformation for the coherence gain.

interest for each cylinder and each rotation speed, bootstrap based multiple
tests of the hypotheses (5.1) were performed at a nominal multiple level
of significance α = 5%. The irrelevancy of an arbitrary sensor with output
signal Yt was tested by interchanging the components of the vector Z(t) and
each time considering the coherence gain |RSZ(ω)|2 − |RSX(ω)|2. Based on
the number of rejected hypotheses at each step, sensors were removed one
at a time until only one sensor that best approximated the reference was
left. Results were encouraging and concurred with the heuristical approach
used by the manufacturer (Zoubir and Böhme, 1995).

5.2 Confidence intervals for aircraft parameters

The application reported in this section illustrates the concepts presented in
Section 3.2 for confidence interval estimation using the percentile-t method.
For more details the reader is referred to work of Zoubir and Boashash
(1998).

5.2.1 Introduction

We wish to estimate an aircraft’s constant height, velocity, range and acous-
tic frequency based on a single acoustic recording of the aircraft passing
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Fig. 5.5. Standard deviation of bootstrap estimates of the coherence gain after a
variance stabilising transformation.

overhead. Information about the physical parameters is contained in the
phase and time varying Doppler frequency shift, or instantaneous frequency
(IF), of the observed acoustic signal. The passive acoustic scenario is de-
picted in Figure 5.6.

�
� v

θ(t)

r(t)

hR(t)

Fig. 5.6. Schematic of the geometric arrangement of the aircraft and observer in
terms of the physical parameters of the model. It is assumed that the aircraft is
travelling at the constant speed v and at constant height h.
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An estimation scheme for the parameters of interest has been previ-
ously demonstrated (see, for example, Ferguson (1992); Ferguson and Quinn
(1994); Reid et al. (1997)), using a model for the IF.

In this problem, we are not only interested in estimating the parame-
ters, but in establishing some statistical confidence for the parameters of
interest based on those estimates. Ideally these bounds are found by de-
termining the theoretical distribution of the parameter estimates. However,
the theoretical derivation of the parameter distribution is mathematically
intractable, particularly when the distribution of the noise is unknown. Al-
ternatively, if multiple realisations of the acoustic signal were available it
would be straightforward to empirically determine the distribution of the
parameter estimates. In practice this is not possible since only a single re-
alisation of the acoustic signal is available. The alternative is to use the
bootstrap as shown below, without assuming any distribution for the noise.
But first, let us introduce the problem more formally.

A simple model for the aircraft acoustic signal, as heard by a stationary
observer, can be expressed as

Zt = Aejφt + Ut, t ∈ R (5.2)

where Ut is a continuous time, zero-mean complex white noise process with
variance σ2, A is a constant assumed herein, without loss of generality, to
be unity, and φt is given by

φt = 2π
fac

2

c2 − v2

(

t−
√

h2c + v2t2c + 2v2th)
c3

)

+ φ0, t ∈ R (5.3)

where fa is the source acoustic frequency, c is the speed of sound in the
medium, v is the constant velocity of the aircraft, h is the constant altitude
of the aircraft and φ0 is an initial phase constant. From (5.3), the IF, relative
to the stationary observer, can be expressed as

ft =
1
2π

dφt

dt

=
fac

2

c2 − v2

(

1− v2(t + h/c)
√

h2(c2 − v2) + v2c2(t + h/c)2

)

, t ∈ R (5.4)

For a given ft or φt, and c, the aircraft parameters collected in the vector
θ = (fa, h, v, t0)′ can be uniquely determined from the phase model (5.3) or
observer IF model (5.4).

To illustrate the use of the bootstrap, we consider two different estimation
schemes. The first scheme estimates the observer IF, as modelled by (5.4),
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using central finite difference (CFD) methods (Boashash, 1992a,b). The sec-
ond one uses unwrapping of the phase, as modelled by (5.3). The IF and
phase estimates are then fitted to the respective models in a least squares
sense to provide an estimate of the aircraft parameters. Bootstrap tech-
niques are finally applied to provide confidence bounds for the parameters
based on these two estimates. Considering discrete-time signals as appro-
priate sampled versions of the continuous-time signals, we denote the IF by
ft, the phase by φt, and the observed signal by Zt, t ∈ Z.

The procedures for confidence interval estimation are described in Ta-
bles 5.1 and 5.2 for estimation of the aircraft parameters based on the CFD
and phase unwrapping respectively.

The methods have been extensively tested with simulated data to check
their applicability. Comparisons with Monte Carlo simulations showed their
excellent performance (Reid et al., 1996; Reid, 1997; Zoubir and Boashash,
1998). In this contribution, we will only report results with real data.

5.2.2 Results with real passive acoustic data

We will restrict our analysis to one estimation technique, namely phase
unwrapping. We will only show one example from a chartered aircraft that
flew five times over an observer position as indicated in Figure 5.7. The
aircraft was equipped with a differential GPS to record the flight parameters
during each of the fly-overs. An example of an estimate of the Doppler profile
(instantaneous frequency) is given in Figure 5.8.

The data from three runs and the estimated confidence bands with the
bootstrap, following the procedure of Table 5.2, are collected in Table 5.3.

We note that the variation in the interval lengths of each of the parameters
in Table 5.3 reflects the sensitivity of the parameters in the observer models
to the form of the estimated phase. The above results show, however, that
the bootstrap provides a practical flight parameter estimation scheme. It
does not assume any statistical distribution of the parameter estimates and
can be applied in the absence of multiple acoustic realisations, which are
unavailable in this application. The results based on the procedure of Ta-
ble 5.1 are acceptable, however, the confidence bounds based on unwrapping
the phase are much tighter than those of the CFD based estimates.
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Table 5.1. Bootstrap procedure for a confidence interval of flight parameter
estimators based on the CFD estimate.

Step 0. Collect and sample the data to obtain Zt, t = −n
2 , . . . , n

2 − 1.
Step 1. Unwrap the phase of the n point signal Zt to provide a non-decreasing

function φ̂t which approximates the true phase φt (Boashash et al., 1991).
Step 2. Estimate the IF by

f̂t =
1
4π

(

φ̂t+1 − φ̂t−1

)

, t = −n/2 + 1, . . . , n/2− 2 . (5.5)

Step 3. Obtain θ̂, an initial estimate of the aircraft parameter vector θ by fitting
the non-linear IF model ft;θ to f̂t in a least squares sense.

Step 4. Consider only every third element of f̂t and every third element of ft;θ̂

f̃t = f̂3t , f
(d)

t;θ̂
= f3t;θ̂ , t = −n/6 + 1, . . . , n/6− 2 ,

where for convenience it is assumed that n/6 ∈ Z
+.

Step 5. Compute the residuals ε̂t = f
(d)

t;θ̂
− f̃t , t = −n/6 + 1, . . . , n/6− 2 .

Step 6. Compute σ̂i, a bootstrap estimate of the standard deviation of θ̂i, i =
1, . . . , 4.

Step 7. Draw a random sample X ∗ = {ε̂∗−n/6+1, . . . , ε̂
∗
n/6−2}, with replacement,

from X = {ε̂−n/6+1, . . . , ε̂n/6−2} and construct

f̂∗
t = f

(d)

t;θ̂
+ ε̂∗t .

Step 8. Obtain and record the bootstrap estimates of the aircraft parameters θ̂
∗

by fitting the observer frequency model to f̂∗
t in a least squares sense.

Step 9. Estimate the standard deviation of θ̂∗i using a double step bootstrap and
compute and record the bootstrap statistics

T ∗
n,i =

θ̂∗i − θ̂i

σ̂∗
i

, i = 1, . . . , 4 .

Step 10. Repeat Steps 7 through 9 a large number of times B.
Step 11. For each parameter, order the bootstrap estimates as T

∗(1)
n,i ≤ T

∗(2)
n,i ≤

. . . ≤ T
∗(B)
n,i and compute the 100(1− α)% confidence interval as

(

T
∗(U)
n,i σ̂i + θ̂i, T

∗(L)
n,i σ̂i + θ̂i

)

where U = B − �Bα/2�+ 1 and L = �Bα/2�.
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Table 5.2. Bootstrap procedure for a confidence interval of flight parameter
estimators based on the unwrapped phase estimate.

Step 0. Collect and sample the data to obtain Zt, t = −n
2 , . . . , n

2 − 1.
Step 1. Unwrap the phase of the n point signal Zt to provide a non-decreasing

function φ̂t which approximates the true phase φt.
Step 2. Obtain θ̂, an initial estimate of the aircraft parameters by fitting the

non-linear observer phase model (5.3) φt;θ to φ̂t in a least squares sense.
Step 3. Compute the residuals

ε̂t = φt;θ̂ − φ̂t , t = −n/2, . . . , n/2− 1 .

Step 4. Compute σ̂i, a bootstrap estimate of the standard deviation of θ̂i, i =
1, . . . , 4.

Step 5. Draw a random sample X ∗ = {ε̂∗−n/2, . . . , ε̂
∗
n/2−1}, with replacement, from

X = {ε̂−n/2, . . . , ε̂n/2−1} and construct

φ̂∗
t = φt;θ̂ + ε̂∗t .

Step 6. Obtain and record the bootstrap estimates of the aircraft parameters θ̂
∗

by fitting the observer phase model to φ̂∗
t in a least squares sense.

Step 7. Estimate the standard deviation of θ̂∗i using a double step bootstrap and
compute and record the bootstrap statistics

T ∗
n,i =

θ̂∗i − θ̂i

σ̂∗
i

, i = 1, . . . , 4 .

Step 8. Repeat Steps 5 through 7 a large number of times B.
Step 9. For each parameter, order the bootstrap estimates as T

∗(1)
n,i ≤ T

∗(2)
n,i ≤

. . . ≤ T
∗(B)
n,i and compute the 100(1− α)% confidence interval as

(

T
∗(U)
n,i σ̂i + θ̂i, T

∗(L)
n,i σ̂i + θ̂i

)

where U = B − �Bα/2�+ 1 and L = �Bα/2�.
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Fig. 5.7. The complete flight path of an aircraft acoustic data experiment conducted
at Bribie Island, Queensland, Australia, showing five fly-overs. The ground location
of an observer is indicated by the cartwheel symbol.
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Fig. 5.8. Doppler signature of an acoustic signal for the aircraft scenario.
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Table 5.3. The bootstrap derived 95% confidence bounds for three real test
signals using the unwrapped phase based parameter estimate and B = 1000.

Scenario h [m] v [m/s] t0 [s] fa [Hz]

Nominal Value 149.05 36.61 0.00 76.91
Run 1. Upper Bound 142.03 36.50 0.02 76.99

Lower Bound 138.16 36.07 -0.03 76.92
Interval length 3.87 0.43 0.05 0.07

Nominal Value 152.31 52.94 0.00 77.90
Run 2. Upper Bound 161.22 53.27 -0.04 78.18

Lower Bound 156.45 52.64 -0.06 78.13
Interval length 4.77 0.62 0.02 0.05

Nominal Value 166.52 47.75 0.00 75.94
Run 3. Upper Bound 232.30 57.29 0.10 76.48

Lower Bound 193.18 53.47 -0.14 75.87
Interval length 39.13 3.83 0.24 0.60

5.3 Landmine detection

It is estimated that more than one hundred million active anti-personnel
landmines are currently scattered in over 70 countries (Red Cross, 1996).
In military applications, ploughs and heavy rollers, which can clear narrow
paths through a minefield, can be used. However, their detection rate is
not acceptable for civilians. Thus, the clearance of mines becomes a very
laborious and dangerous task, especially in post-war regions that can ill-
afford to have large regions of unproductive land.

Ground Penetrating Radar (GPR) can detect discontinuities in the electric
properties of the soil, and therefore has the potential to detect buried plastic
landmines with little metal content. A GPR system is sensitive to changes
in the soil conditions, e.g. moisture content and soil type, hence robust
methods for detection are required that can adapt to changes in the soil
whilst still detecting targets with a high probability.

We are particularly interested in the application of detectors based on
bootstrap techniques used in a GPR system. For this we use an FR-127-
MSCB Impulse GPR (ImGPR) system developed by the Commonwealth
Scientific and Industrial Research Organisation (CSIRO), Australia. The
system has 127 soundings per second, each composed of 512 samples with 12
bit accuracy and bistatic bow-tie antennae transmitting wide-band, ultra-
short duration pulses. The centre frequency is 1.4 GHz. Three types of
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surrogate minelike targets (PMN, PMN-2, and M14 AP) with non-metallic
casings are used in the experiment (see Table 5.4).

Table 5.4. Minelike surrogate target used in the study.

Target Surrogate Dimensions diam×height Orientation

ST-AP(1) M14 52× 42 mm not critical
ST-AP(2) PMN 118× 50 mm sensitive
ST-AP(3) PMN2 115× 53 mm sensitive

It is difficult to define a complete, physically-motivated signal model of
the GPR backscatter waveform. For the purpose of detection or classifica-
tion of landmine targets we usually choose either a parametric approach in
which the received signal is modelled by a known function, except for some
parameters, or a non-parametric approach in which a certain feature of the
received signal is exploited. The received signal of a GPR is usually assumed
to be comprised of four major components (Daniels et al., 1988):

(i) the background signal – always present and varying with the envi-
ronment,

(ii) the target signal – not necessarily present,
(iii) the antenna cross-talk signal – relatively small for a crossed dipole

antenna, and
(iv) the measurement noise – assumed to be spatially and temporarily

white Gaussian.

Extensive analysis of real data has shown that a polynomial amplitude–
polynomial phase model is suitable for modelling the GPR signal, i.e.

st =

[
Pa∑

n=0

antn

]

exp

[

j

Pb∑

m=0

bmtm

]

+ zt t = 1, . . . , n , (5.6)

where zt, t = 1, . . . , n are realisations of stationary interference and the
amplitude and frequency modulation are described by polynomials of order
Pa and Pb respectively.

We will report here only one experiment with a surrogate and a stainless
steel target. For more details, the reader is referred to earlier works (Barkat
et al., 2000; Iskander et al., 2000b; Zoubir et al., 1999, 2002). We have
applied the signal model (5.6) for GPR returns from clay soil, containing a
small plastic target, denoted ST-AP(1), which is a surrogate (replica) for the
M14 anti-personnel mine. The ST-AP(1) target has a PVC casing which is
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filled with paraffin wax. A solid stainless steel cylinder 5 cm in diameter and
length, denoted by SS05x05, is also present in the soil. Phase and amplitude
parameters are estimated using the discrete polynomial phase transform
(Peleg and Friedlander, 1995) and the method of least squares respectively.
An example of the model fit to the real GPR signal is shown in Figure 5.9.
After performing model fit to real GPR data, it has been observed that the
means of the coefficient distributions change in the presence of a target as
indicated in Figure 5.10 for a second order fit.
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Fig. 5.9. The fit of the polynomial amplitude–polynomial phase model (bold line)
to GPR data (fine line) from non-homogeneous soil (top). Residual of the fit to
data (bottom).

The outcomes of the experimental work led to a detection scheme based on
the coefficients of the polynomial phase of the signal. Consider the following
example. For the data set shown in Figure 5.10, b2 is seen to decrease in the
presence of a target, while in some cases, particularly when the soil type is
loam, b2 increases with the presence of a target. This suggests the test of
the hypothesis-alternative pair (H, K),

H : b2 = b2,0

K : b2 �= b2,0
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Fig. 5.10. Phase coefficients from an order 2 model for GPR data. Vertical dotted
lines indicate the approximate position of ST-AP(1) (left) and SS05x05 (right)
targets.

The test statistic is then

Tn =
b̂2 − b2,0

σ̂b̂2

where σ̂b̂2
is an estimate of the standard deviation of b̂2 and b2,0 is a nominal

value which can be selected based on target-free measurements. Since the
exact distribution of b̂2 is unknown and has unknown variance, we use the
bootstrap to determine thresholds as shown in Table 5.5.

One of the results of the bootstrap based detection scheme is shown in
Figure 5.11, where a scan of the two surrogate targets mentioned above
is shown together with the corresponding test statistics and the detection
decision.

This example shows another useful and powerful application of the boot-
strap. Overall, the results were encouraging. The targets have been cor-
rectly detected, while false alarms appear to be concentrated in areas near
the targets – rather than true false alarms that occur far from the targets
in background only areas. These near-target false alarms may be triggered
by disturbances to the soil structure caused by the burying of the target.
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Fig. 5.11. The B-scan with ST-AP(1) and SS05x05 targets buried at 5 cm in clay
(top) and the corresponding test statistics (thin line) and detection decision (thick
line) (bottom).

5.4 Noise floor estimation in over-the-horizon radar

The propagation environment of a high frequency over-the-horizon radar
(see Figure 5.12) is highly non-stationary (Barrick and Snider, 1977). Time-
varying propagation conditions and fluctuating HF noise characteristics dic-
tate that radar system parameters should continually be revised by the radar
operator if optimum performance is to be achieved. In the typical operation
of a skywave radar (Anderson, 1986), several performance statistics are ob-
tained from the received radar signals and are provided to the operator to
guide the radar optimisation process.

One such radar performance statistic is the noise floor. The noise floor
estimate is computed by taking a trimmed mean of the power estimates
in the Doppler spectrum after excluding the low frequency Doppler energy
associated with any stationary targets or ground clutter. The noise floor
is used directly by the operator and also as a component in other radar
performance statistics. The noise floor estimate alone is insufficient. The
radar operator requires supplementary information describing the accuracy
of the computed noise floor, i.e., a confidence measure. The limited number
of samples available to the radar operator and the non-Gaussian nature of
the noise field make it particularly difficult to estimate a confidence measure



148 Real data bootstrap applications

Table 5.5. The algorithm for the bootstrap based landmine detection using
GPR.

Step 1. st, t = 1, ..., n, is the sampled GPR return signal. Fit a polynomial
amplitude–polynomial phase model to the data. From the model, find an
estimate of the second order phase parameter, b̂2.

Step 2. Form the residual signal r̂t = st−ĝt, where ĝt is the polynomial amplitude–
polynomial phase model corresponding to estimated parameters.

Step 3. Whiten r̂t by removing an AR model of suitable order to obtain the in-
novations ẑt.

Step 4. Resample from ẑt using the block of blocks bootstrap to obtain ẑ∗t .

Step 5. Repeat Step 4 B times to obtain ẑ∗1t , ..., ẑ∗B
t .

Step 6. Generate B bootstrap residual signals r̂∗i
t , for i = 1, ..., B by filtering ẑ∗i

t
with the AR process obtained in (5.5).

Step 7. Generate B bootstrap signals ĝ∗i
t = ĝt + r̂∗i

t , for i = 1, ..., B.

Step 8. Estimate the second phase coefficient from ĝ∗i
t to obtain b̂∗i

2 for i = 1, ..., B.

Step 9. Calculate the bootstrap statistics T ∗i
n = b̂∗i

2 −b̂2
σ̂∗

b̂2

for i = 1, ..., B.

Step 10. Compare the test statistic Tn = b̂2−b2,0
σ̂b̂2

to the empirical distribution of

T ∗
n . Reject H if Tn is in the tail of the distribution, otherwise retain H.

reliably. Accuracy measures may also be developed for other performance
statistics. The bootstrap is an ideal tool in such conditions.

5.4.1 Principle of the trimmed mean

Consider the following estimation problem. Let θ be a characteristic of Fθ

and suppose we wish to choose an estimate from a class of estimates {θ̂(γ) :
γ ∈ A} indexed by a parameter γ, which is usually selected according to
some optimality criterion. If the estimates are unbiased, it is reasonable to
use the estimate that leads to the minimal variance. However, the variance
of the estimate θ̂(γ) may depend on unknown characteristics. Thus the
optimal parameter γo may be unknown. This problem is encountered with
the trimmed mean, where one wants to optimise the amount of trimming.
Thus, the objective is to find γ by estimating the unknown variance of
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Fig. 5.12. The over-the-horizon-radar scenario.

the estimates and select a parameter value, say θ̂(γ), which minimises the
variance of the estimator.

This problem has been solved theoretically by Jaeckel (1971) for a sym-
metric distribution Fθ. He proposes an estimate of the asymptotic variance
of the trimmed mean and verifies that the resulting randomly trimmed mean
has the same asymptotic distribution as the trimmed mean with the smallest
asymptotic variance. However, the trim is restricted to the interval [0, 25]%
(Mehrotra et al., 1991). In addition to the fact that for a small sample
size asymptotic results are invalid, explicit expressions for the asymptotic
variance are not available outside the interval [0, 25]%.

Let X = {X1, . . . , Xn} be a random sample drawn from a distribution
function F which is symmetric about zero and let X(1), . . . , X(n) denote the
order statistic. For an integer γ less than n/2, the γ-trimmed mean of the
sample X is given by

µ̂(γ) =
1

n− 2γ

n−γ∑

i=γ+1

X(i). (5.7)

The aim is to find γ such that µ̂(γ) has the smallest possible variance. To
select the best γ = γo ∈ A, Jaeckel (1971) proposed using the trimmed
mean whose asymptotic variance is minimum. He estimated the asymptotic
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variance

σ(γ)2 =
1

(1− 2γ)2

(∫ ζ1−γ

ζγ

x2dF (x) + 2γζ2
γ

)

, (5.8)

where ζγ = F−1(γ) and ζ1−γ = F−1(1− γ), by its sample analogue

s(γ)2 =
1

(1− 2γ)2




1
n

n−γ∑

i=γ+1

X̃2
i,γ + γX̃2

γ+1,γ + γX̃2
n−γ,γ



 , (5.9)

where X̃i,γ = X(i) − µ̂(γ), i = 1, . . . , n. Jaeckel proposed then the estimate
µ̂(γ̂), where γ̂ minimises the estimated variance s2 over a subset of [0, 0.5).

In other problems, however, explicit expressions for the asymptotic vari-
ance may not be available. This includes the case where Fθ is an asymmetric
distribution. Moreover, for a small sample size the asymptotic result may
be invalid. To avoid this difficulty the following bootstrap based procedure
is proposed.

5.4.2 Optimal trimming

In order to find an optimal value of the trim we estimate the variances of the
trimmed means using the bootstrap and then select the trimming portion
which minimises the bootstrap variance estimate (Léger and Romano, 1990;
Mehrotra et al., 1991).

Let us consider first a more general case where the symmetric assumption
is dropped. Then, the trimmed mean will estimate some quantity depending
on the amount of left and right trimming. For integers γ < n/2 and κ < n/2,
the γκ-trimmed mean based on the sample X is given by

µ̂(γ, κ) =
1

n− γ − κ

n−κ∑

i=γ+1

X(i) , γ, κ < n/2 . (5.10)

The procedure for finding the optimal trim when the data of the sample X
are independent and identically distributed is given in Table 5.6.

The optimal estimator µ̂(γo, κo) = µ̂o can be further refined using the
so-called augmented sample. This is achieved by augmenting the sample X
by the values 2µ̂o −X1, . . . , 2µ̂o −Xn which results in a new sample

XA = (X1, . . . , Xn, 2µ̂o −X1, . . . , 2µ̂o −Xn).

In order to find the optimal trim, the procedure outlined in Table 5.6 is then
repeated for the augmented sample XA (Mehrotra et al., 1991).
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Table 5.6. Bootstrap procedure for the optimal trimmed mean for iid data.

Step 1. Initial conditions. Select the initial trim γ = 0 and κ = 0.

Step 2. Resampling. Draw a large number, say B, of independent samples

X ∗
1 = {X∗

11, . . . , X
∗
1n}, . . . ,X ∗

B = {X∗
B1, . . . , X

∗
Bn}

of size n from X .

Step 3. Calculation of the bootstrap statistic. For each bootstrap sample X ∗
j , j =

1, . . . , B, calculate the trimmed mean

µ̂∗
j (γ, κ) =

1
n− γ − κ

n−κ∑

i=γ+1

X∗
j(i), j = 1, . . . , B.

Step 4. Variance estimation. Using bootstrap based trimmed mean values, calcu-
late the estimate of the variance

σ̂∗2 =
1

B − 1

B∑

i=1



µ̂∗
i (γ, κ)− 1

B

B∑

j=1

µ̂∗
j (γ, κ)





2

.

Step 5. Repetition. Repeat Steps 2–4 using different combinations of the trim γ
and κ.

Step 6. Optimal trim. Choose the setting of the trim that results in a minimal
variance estimate.

5.4.3 Noise floor estimation

As mentioned earlier, the noise floor in a radar system can be estimated by
a trimmed mean of the Doppler spectrum. The bootstrap procedure for a
trimmed mean given in Table 5.6 can be used only in the case of iid data
and is inapplicable here. To cater for dependent data we employ the residual
based approach outlined earlier in Section 2.1.4 (see Example 2.1.10). Thus,
we estimate residuals for the Doppler spectrum by taking the ratio of the
periodogram and a spectral estimate of the raw data. The residuals are used
for resampling to generate bootstrap spectral estimates.

We proceed then by replacing Xi in Table 5.6 by ĈXX(ωi), where ωi =
2πi/n, i = 1, . . . , n, are discrete frequencies and n is the number of obser-
vations. The procedure makes the assumption that the residuals are iid for
distinct discrete frequencies. The optimal noise floor is found by minimising
the bootstrap variance estimate of the trimmed spectrum with respect to
(γ, κ). The adapted bootstrap algorithm for choosing the optimal trim for
the noise floor estimator is shown in Table 5.7.
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Example 5.4.1 Noise floor estimation.

We first run a simulation to show optimal estimation of the noise floor
using the bootstrapped trimmed mean. We first simulate the target sce-
nario using a complex-valued AR(3) process with coefficients 1,−0.8334 +
0.6662j,−1.0244− 0.4031j, 0.9036− 0.2758j. Then we filter the clutter con-
centrated around zero-Doppler and calculate, using the procedure of Ta-
ble 5.7, the optimal trimmed mean of the noise floor. The complete code for
this example is included in Section A1.9 of Appendix 1. The result of the
simulation is shown in Figure 5.13 while a result for real over-the-horizon
radar (OTHR) data is given in Figures 5.14 and 5.15. These results indicate
that the method gives a reasonable estimate of the noise floor.
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Fig. 5.13. Spectrum and estimated noise floor for an AR(3) model.
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Fig. 5.14. Doppler spectrum and estimated noise floor for a real over-the-horizon
radar return (no target present), B = 100, µ̂(γ̂, κ̂) = 2.0738× 103.
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Fig. 5.15. Doppler spectrum and estimated noise floor for a real over-the-horizon
radar return (target present), B = 100, θ̂(γ̂, κ̂) = 8.9513× 103.
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Table 5.7. Bootstrap procedure for finding the optimal trimmed mean for
noise floor estimation.

Step 1. Initial conditions. Select the initial trim γ = κ = 0.

Step 2. Resampling. Draw a large number, say B, of independent samples

X ∗
1 = {Ĉ∗(1)

XX (ω1), . . . , Ĉ
∗(1)
XX (ωM )}

. . .

X ∗
B = {Ĉ∗(B)

XX (ω1), . . . , Ĉ
∗(B)
XX (ωM )}

Step 3. Calculation of the trimmed mean. For each bootstrap sample X ∗
j , j =

1, . . . , B, calculate the trimmed mean

µ̂∗
j (γ, κ) =

1
M − γ − κ

n−κ∑

i=γ+1

Ĉ
∗(j)
XX (ωi), j = 1, . . . , B.

Step 4. Variance estimation. Calculate the estimate of the variance

σ̂∗2 =
1

B − 1

B∑

i=1



µ̂∗
i (γ, κ)− 1

B

B∑

j=1

µ̂∗
j (γ, κ)





2

.

Step 5. Repetition. Repeat Steps 2–4 using different combinations of the trim γ
and κ.

Step 6. Optimal trim. Choose the setting of the trim that results in a minimal
variance estimate.

5.5 Model order selection for corneal elevation

The cornea is the major refracting component of the human eye. It con-
tributes approximately 60% of the eye’s total optical power. Ideally, the
anterior surface of the cornea would be a prolate ellipsoid. However, in na-
ture this is not the case and a variety of corneal shapes is possible. Thus,
optometrists, ophthalmologists and vision scientists are interested in mod-
elling corneal elevation and finding deviations of the cornea from the ideal
shape. This deviation can be related to the so-called wavefront aberration
which determines vision performance (Iskander et al., 2000a).

Videokeratoscopy is the current standard in accurate measurement of
corneal elevation. The majority of current videokeratoscopes are based on a
placido disk approach (Mandell, 1996). The placido disk forms the target of
rings, while a digital camera captures the reflected image from the tear film.
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The acquired image is processed so that the topographical corneal height
can be calculated.

Several techniques exist for modelling corneal surfaces from videokerato-
graphic data. The most popular include Zernike polynomial expansion and
other radial polynomial expansions (Iskander et al., 2001, 2002).

We model the corneal surface by a finite series of Zernike polynomials

C(ρ, θ) =
P∑

p=1

apZp(ρ, θ) + ε, (5.11)

where C(ρ, θ) denotes the corneal surface, Zp(ρ, θ), p = 1, . . . , P , is the
pth Zernike polynomial, ap, p = 1, . . . , P , is the coefficient associated with
Zp(ρ, θ), P is the order, ρ is the normalised distance from the origin, θ is
the angle, and ε represents measurement and modelling error (noise). We
assume that the noise is iid with zero mean and finite variance. We consider
the general case where the distribution of the additive noise is unknown.

The pth-order Zernike polynomial is defined as (Noll, 1976)

Zp(ρ, θ)=






√
2(n + 1)Rm

n (ρ) cos(mθ), even p, m �= 0

√
2(n + 1)Rm

n (ρ) sin(mθ), odd p, m �= 0

√
n + 1R0

n(ρ), m = 0

where n is the radial degree, m is the azimuthal frequency, and

Rm
n (ρ) =

(n−m)/2
∑

s=0

(−1)s(n− s)!
s!
(

n+m
2 − s

)
!
(

n−m
2 − s

)
!
ρn−2s.

The radial degree and the azimuthal frequency are integers which satisfy
m ≤ n and n−|m| = even. The radial degree n and the azimuthal frequency
m can be evaluated from the polynomial-ordering number p using n = �q1�−
1, and m = q2 + (n + (q2 mod 2) mod 2) respectively, where q1 = 0.5(1 +√

8p− 7), p = 1, . . . , P , q2 = �(n + 1)(q1 − n− 1)�, �·� is the floor operator
and mod denotes the modulus operator.

The problem of finding an appropriate set of Zernike polynomials that
would best suit a videokeratoscopic measurement is a classical model se-
lection problem as outlined in Chapter 4. We note that in practice it is
sufficient to choose only the model order of the polynomial expansion, P ,
rather than a particular model being a subset of {Z1(ρ, θ), . . . , ZP (ρ, θ)}. A
typical raw videokeratoscopic measurement of the corneal elevation is shown
in Figure 5.16.
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Fig. 5.16. Raw elevation videokeratoscopic data for an 8 mm corneal diameter.

The Zernike polynomials are orthogonal in a unit circle. However, in a
discrete case where the number of samples is not large, further orthogo-
nalisation of the function is performed using a Gram–Schmidt procedure.
After orthogonalisation we can form the following linear (in the parameters)
model

C = Za + ε, (5.12)

where C is a D-element column vector of corneal surface evaluated at dis-
crete points (ρd, θd), d = 1, . . . , D, Z is a (D × P ) matrix of discrete ortho-
gonalised Zernike polynomials Zp(ρd, θd), a is a P -element column vector
of Zernike coefficients, and ε represents a D-element column vector of the
measurement and modelling error.

A bootstrap procedure for finding the optimal Zernike fit to the corneal
elevation is shown in Table 5.8.

We have experimented with a large number of human corneas. Normal as
well as pathological cases have been considered. We showed that for normal
corneas, the optimal number of Zernike terms usually corresponds to the
fourth or fifth radial order expansion of Zernike polynomials. On the other
hand, for distorted corneas such as those encountered in keratoconus or in
surgically altered cases, the estimated model is up to several radial orders
higher than for normal corneas. These results are in agreement with recently
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Table 5.8. Bootstrap procedure for model order selection of a Zernike
polynomial expansion.

Step 0. Experiment: Measure the anterior surface of the eye using a videokerato-
scope and collect the elevation data into a column vector.

Step 1. Initial estimation: Select β = βmax, find the estimate âβ of aβ using the
method of least squares and compute Ĉ(ρd, θd) =

∑βmax
p=1 âpZp(ρd, θd).

Step 2. Compute residuals: Calculate the residuals r̂d = C(ρd, θd) − Ĉ(ρd, θd),
d = 1, . . . , D.

Step 3. Scaling: Rescale the empirical residuals
r̃d =

√
D/LD

(

r̂d −D−1
∑D

d=1 r̂d

)

.

Step 4. Try every model: For all 1 ≤ β ≤ βmax

(a) Calculate âβ and Ĉ(ρd, θd) as in Step 1.
(b) Draw independent bootstrap residuals r̃∗d with replacement, from the

empirical distribution of r̃d.
(c) Define the bootstrap surface

C∗(ρd, θd) = Ĉ(ρd, θd) + r̃∗d.

(d) Using C∗(ρd, θd) as the new surface, compute the least squares estimate
of aβ , â∗

β , and calculate Ĉ∗(ρd, θd) =
∑β

p=1 â∗
pZp(ρd, θd) and the sum of

the squared errors

SSE∗
D,LD

(β) =
1
D

D∑

d=0

(

C(ρd, θd)− Ĉ∗(ρd, θd)
)2

.

(e) Repeat Steps (b)–(d) a large number of times (e.g. 100) to obtain a total
of B bootstrap statistics SSE∗,1

D,LD
(β), . . . ,SSE∗,B

D,LD
(β), and estimate the

bootstrap mean-squared error

Γ̄D,LD
(β) =

1
B

B∑

b=1

SSE∗,b
D,LD

(β) .

Step 5. Model selection: Choose β for which Γ̄D,LD
(β) is a minimum.

reported independent studies involving ad hoc threshold-based techniques,
proving the bootstrap technique is effective in accurately modelling a large
variety of corneal shapes.
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5.6 Summary

We have reported some applications of the bootstrap to solving signal pro-
cessing problems. We have first discussed the problem of optimal sensor
placement on a spark ignition engine for the detection of knock. We have
shown that the bootstrap is a valuable tool to approximate the distribu-
tions of statistics required by a hypothesis test. We have then turned our
attention to a passive acoustic emission problem where we have estimated
confidence intervals for an aircraft’s flight parameters. Analytical solutions
to this problem are almost impossible due to the nature of the estimation
procedure for the parameters of interest. With the bootstrap we have been
able to answer the question of confidence interval estimation, with no as-
sumptions on the noise distribution.

We also have looked into the important problem of civilian landmine de-
tection. We have suggested an approach to detect buried landmines using a
ground penetrating radar. Preliminary results have shown that the method
has its merits, but much more has to be done to solve this very difficult
problem. We note that GPR is only one approach to the global problem
and many more solutions are being investigated. We have considered an-
other radar application where we have considered noise floor estimation in
high frequency over-the-horizon radar. We have devised a bootstrap proce-
dure to optimally estimate the noise floor. The chapter concludes with the
estimation of the optimal model for the corneal elevation in the human eye.
All results reported in this chapter are based on real data.



Appendix 1

Matlab codes for the

A1.1 Basic non-parametric bootstrap estimation

Example 2.1.3. Bias estimation.

n=5;
B=1000;
MC=1000;
X=randn(1,n);
sigma2_u=var(X);
sigma2_b=var(X,1);
for m=1:MC,

X_star=bootrsp(X,B);
sigma2_star_u=var(X_star);
sigma2_star_b=var(X_star,1);
bias_u(m)=mean(sigma2_star_u-sigma2_b);
bias_b(m)=mean(sigma2_star_b-sigma2_b);

end

Example 2.1.4. Variance estimation.

n=50;
B=25;
X=10+5*randn(1,n);
X_star=bootrsp(X,B);
theta_star=mean(X_star);
sigma2_Boot=var(theta_star);

159

examples
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Example 2.1.5. Confidence interval for the mean.

X=[-2.41 4.86 6.06 9.11 10.20 12.81 13.17 14.10 ...
15.77 15.79];

B=1000;
alpha=0.05;
X_star=bootrsp(X,B);
mu_star=mean(X_star);
mu_sort=sort(mu_star);
q1=floor(0.5*B*alpha);
q2=N-q1+1;
conf_inter=[mu_sort(q1),mu_sort(q2)];

A1.2 The parametric bootstrap

Example 2.1.6. Confidence interval for the mean (a parametric
approach).

X=[-2.41 4.86 6.06 9.11 10.20 12.81 13.17 14.10 ...
15.77 15.79];

hat_mu=mean(X);
hat_sigma=std(X);
n=10;
B=1000;
alpha=0.05;
X_star=hat_mu+hat_sigma*randn(n,B);
mu_star=mean(X_star);
mu_sort=sort(mu_star);
q1=floor(0.5*B*alpha);
q2=B-q1+1;
conf_inter=[mu_sort(q1),mu_sort(q2)];

A1.3 Bootstrap resampling for dependent data

Example 2.1.9. Variance estimation in AR models.
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n=128;
B=1000;
a=-0.6;
Zt=randn(1,n);
X=filter(1,[1 a],Zt);
X=X-mean(X);
c0=mean(X.^2);
c1=mean(X(1:n-1).*X(2:n));
ahat=-c1/c0;
zt=filter([1 ahat],1,X);
zt_star=bootrsp(zt,B);
X_star=filter(1,[1 ahat],zt_star);
X_star(:,1)=X(1);
c0_star=mean(X_star.^2);
c1_star=mean(X_star(1:n-1,:).*X_star(2:n,:));
ahat_star=-c1_star./c0_star;
sigma2_star=var(ahat_star);

A1.4 The principle of pivoting and variance stabilisation

Example 2.2.1. Confidence interval for the mean with a pivotal
statistic.

X=[-2.41 4.86 6.06 9.11 10.20 12.81 13.17 14.10 ...
15.77 15.79];

B=1000;
B1=25;
alpha=0.05;
hat_mu=mean(X);
X_star1=bootrsp(X,B1);
mu_star1=mean(X_star1);
hat_sigma=std(mu_star1);
X_star=bootrsp(X,B);
hat_mu_star=mean(X_star);
hat_mu_Y_star=zeros(1,B);
for k=1:N,

% Nested bootstrap
X_star_star=bootrsp(X_star(:,k),B1);
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hat_mu_star_star=mean(X_star_star);
hat_sigma_star=std(hat_mu_star_star);
hat_mu_Y_star(k)=(hat_mu_star(k)-hat_mu)/ ...

hat_sigma_star;
end
mu_Y_sort=sort(hat_mu_Y_star);
q1=floor(0.5*B*alpha);
q2=N-q1+1;
conf_inter=[hat_mu-hat_sigma*mu_Y_sort(q2), ...

hat_mu-hat_sigma*mu_Y_sort(q1)];

Example. The principle of variance stabilisation.

Below we show a Matlab routine that illustrates how the variance stabili-
sation is estimated (see Section 2.2). We use the sample mean as a statistic
θ̂. The function smooth.m used below is a running line smoother that fits
the data by linear least squares as described in Hastie and Tibshirani (1990)
(see Appendix 2).

n=50;
B1=100;
B2=25;
B3=1000;
X=randn(1,n);
theta=mean(X);
X_star=bootrsp(X,B1);
theta_star=mean(X_star);
for k=1:B1,

X_star_star=bootrsp(X_star(:,k),B2);
theta_star2=mean(X_star_star);
sigmastar2(k)=var(theta_star2);

end
[statsort,sigmasort,sigmasm2]=smooth(theta_star, ...

sigmastar2,B1/200);
a=statsort;
b=sigmasm2.^(-1/2);
h=zeros(1,B1);
h(1)=0;
for i=2:B1,
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h(i)=h(i-1)+(a(i)-a(i-1))*(b(i)+b(i-1))/2;
end;

A1.5 Limitations of bootstrap procedure

Example 2.3.1. A failure of the non-parametric bootstrap.

n=50;
B=1000;
X=rand(1,n);
X_sort=sort(X);
hat_theta=X_sort(n);
% Non-parametric bootstrap
X_star=bootrsp(X,B);
X_sort_star=sort(X_star);
hat_theta_star=X_sort_star(n,:);
% Parametric bootstrap
X_star1=rand(n,B)*hat_theta;
X_sort_star1=sort(X_star1);
hat_theta_star1=X_sort_star1(n,:);

A1.6 Hypothesis testing

Example 3.4.2. Testing the third-order cumulant using a non-
pivoted bootstrap test

Below we show a Matlab code for the non-pivoted bootstrap test embedded
in a Monte Carlo simulation to show that the test maintains the preset level
of significance.

NoMonteCarlo=1000;
n=100;
B1=1000;
alpha=0.05;
M=floor((B1+1)*(1-alpha));
H=zeros(1,NoMonteCarlo);
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for ii=1:NoMonteCarlo,
X=randn(n,1);
c3_hat=cumulant3(X);
T_hat=abs(c3_hat-0); %testing for zero
X_star=bootrsp(X,B1);
T_star=abs(cumulant3(X_star)-c3_hat); %two sided test
Tsort=sort(T_star);
if T_hat>Tsort(M),

H(ii)=1;
end

end
P_FA=sum(H)/NoMonteCarlo

P_FA =

0.0490

In Appendix 2, we have included the function boottestnp.m that performs a
non-pivotal bootstrap test for an arbitrary test statistic. We can repeat the
above simulation using this function in the following manner.

NoMonteCarlo=1000;
B1=1000;
n=100;
alpha=0.05;
H=zeros(1,NoMonteCarlo);
for ii=1:NoMonteCarlo,

X=randn(n,1);
H(ii)=boottestnp(X,’cumulant3’,0,1,alpha,B1);

end
P_FA=sum(H)/NoMonteCarlo

P_FA =

0.0510

The function cumulant3.m simply evaluates the third-order sample cumulant
ĉ3.

function[c3]=cumulant3(x)
% [c3]=cumulant3(x)
%
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% An unbiased estimator of the third order cumulant

[N,M]=size(x);
s1=sum(x);s2=sum(x.^2);s3=sum(x.^3);
c3=1/(N*(N-1)*(N-2)).*(N^2*s3-3*N*s2.*s1+2*s1.^3);

Testing the third-order cumulant using a pivotal statistic.

NoMonteCarlo=1000;
B1=200;
B2=25;
n=100;
alpha=0.05;
M=floor((B1+1)*(1-alpha));
H=zeros(1,NoMonteCarlo);
for ii=1:NoMonteCarlo,

X=randn(n,1);
c3_hat=cumulant3(X);
X_star1=bootrsp(X,B2); % first boostrap
sigma=std(cumulant3(X_star1));
T_hat=abs(c3_hat-0)./sigma; % testing for zero
X_star=bootrsp(X,B1); % main bootstrap
T_star=zeros(1,B1);
for jj=1:B1,

% nested bootstrap
X_star_star=bootrsp(X_star(:,jj),B2);
sigma_star=std(cumulant3(X_star_star));
T_star(jj)=abs(cumulant3(X_star(:,jj))-c3_hat) ...

./sigma_star; % two sided test
end
Tsort=sort(T_star);
if T_hat>Tsort(M),

H(ii)=1;
end

end
P_FA=sum(H)/NoMonteCarlo

P_FA =

0.0500
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Note that the number of bootstrap resamples in the case of a pivoted
statistic is B1 · B2 (see Section 3.4), because for each bootstrap sample X ∗

b ,
b = 1, . . . , B1, we need to draw resamples X ∗∗

b , b = 1, . . . , B2.
As in the previous case we can use a general testing function boottest.m

that is included in the Appendix 2. We can repeat the above simulation
now with this function in the following manner.

NoMonteCarlo=1000;
B1=1000;
B2=25;
n=100;
alpha=0.05;
H=zeros(1,NoMonteCarlo);
for ii=1:NoMonteCarlo,

X=randn(n,1);
H(ii)=boottest(X,’cumulant3’,0,1,alpha,B1,B2);

end
P_FA=sum(H)/NoMonteCarlo

P_FA =

0.0510

Testing the third-order cumulant with variance stabilisation.

In this example, we also illustrate a bootstrap hypothesis test with variance
stabilisation. We use the function boottestvs.m from Appendix 2 as follows.

NoMonteCarlo=100;
B1=100;
B2=25;
B3=1000;
n=100;
alpha=0.05;
H=zeros(1,NoMonteCarlo);
for ii=1:NoMonteCarlo,

X=randn(n,1);
H(ii)=boottestvs(X,’cumulant3’,0,1,alpha,B1,B2,B3);

end
P_FA=sum(H)/NoMonteCarlo
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P_FA =

0.0520

A1.7 The bootstrap matched filter

Example 3.6.1. Performance of the matched filter: Gaussian noise.

NoMonteCarlo=100;
n=10;
t=0:n-1;
SNR=7;
A=sqrt(20^(SNR/10));
st=(A*sin(2*pi*t/6))’;
B1=1000;
B2=25;
alpha=0.05;
P_FA_data=zeros(4,NoMonteCarlo);
P_D_data=zeros(4,NoMonteCarlo);
for ii=1:NoMonteCarlo,

Wt=randn(n,1);
P_FA_data(:,ii)=bootmf(Wt,st,alpha,B1,B2);
P_D_data(:,ii)=bootmf(st+Wt,st,alpha,B1,B2);

end
P_FA=sum(P_FA_data’)/NoMonteCarlo;
P_D=sum(P_D_data’)/NoMonteCarlo;

The results of this simulation are shown in Table 3.8.

A1.8 Bootstrap model selection

Example 4.3.2. Trend estimation.

>> n=64; t=(0:n-1)’;
>> theta=[0 0 0.035 -0.0005];
>> signal=polyval(fliplr(theta),t);
>> m=2; p=4;
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>> IND=zeros(3,2^p);
>> MC=100; B=100;
>> for ii=1:MC,

noise=randn(n,1); % Gaussian noise
% or alternatively: noise=trnd(3,n,1);
x=signal+noise;
[G,AIC,MDL] = model_trend(x,B,p,m);
[Min,ind]=min(G);IND(1,ind)=IND(1,ind)+1;
[Min,ind]=min(AIC);IND(2,ind)=IND(2,ind)+1;
[Min,ind]=min(MDL);IND(3,ind)=IND(3,ind)+1;

>> end;

The model selection procedure uses function model trend.m which is included
below.†
function[G,AIC,MDL,HQ,AICC,mask] = model_trend(X,B,p,m)
%
% bootstrap model selection for a linear trend
%
n=length(X); t=(0:n-1)’;
H=repmat(t,1,p+1).^repmat(0:p,n,1);
theta_hat=H\X;
halfmask=fliplr(de2bi(2^(p-1):2^p-1));
mask=[flipud(~halfmask);halfmask];
msize=length(mask);
r_hat=X-H*theta_hat;
r_tilde=sqrt(n/m)*(r_hat-mean(r_hat))/sqrt(1-size(mask,2)/n);
G=zeros(1,msize); AIC=G; MDL=G;
for ii=1:msize,

ind=find(mask(ii,:)~=0);
Hm=H(:,ind);
theta_hat_m=Hm\X;
X_hat=Hm*theta_hat_m;
r_hat=X-X_hat;
r=r_hat-mean(r_hat);
r_hat1=(r_hat-mean(r_hat))/sqrt(1-length(ind)/n);
AIC(ii)=log(mean(r_hat1.^2))+2*(length(ind))/n;
MDL(ii)=log(mean(r_hat1.^2))+log(n)*(length(ind))/n;
SSE=zeros(1,B);

† The function model trend.m requires function de2bi.m from the Matlab Communication
Toolbox.
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for b=1:B,
r_tilde_star=boot(n,r_tilde);
X_star=X_hat+r_tilde_star;
thetastarm=Hm\X_star;
Xstar=Hm*thetastarm;

SSE(b)=mean((X-Xstar).^2);
end;
G(ii)=mean(SSE);

end;

Example 4.3.3. Harmonics in noise.

>> SNR=20;
>> N=64; a1=0.5; a3=0.3; B=100; M=4; MC=100;
>> n=(0:N-1)’;
>> signal=a1*cos(2*pi*n/N)+a3*cos(2*pi*3*n/N);
>> amp=max(abs(signal));
>> sigma=amp*10^(-SNR/20);
>> m=2;p=3;
>> IND=zeros(2,2^p);
>> for ii=1:MC,

noise=sigma.*randn(N,1);
x=signal+noise;
[G,AIC,MDL] = model_harmonics(x,B,M,m);
[Min,ind]=min(G);
IND(1,ind)=IND(1,ind)+1;
[Min,ind]=min(AIC);
IND(2,ind)=IND(2,ind)+1;
[Min,ind]=min(MDL);
IND(3,ind)=IND(3,ind)+1;

>> end;

As in the case of the trend estimation, we need to devise a separate bootstrap
procedure for estimating harmonics. The Matlab code is as follows.

function[G,AIC,MDL] = model_harmonics(X,B,M,m)
%
N=length(X);
n=(0:N-1)’;
H=cos(repmat(2*n*pi/N,1,M).*repmat(1:M,N,1));
b_hat=inv(H’*H)*H’*X;



170 Matlab codes for the examples

mask=fliplr(detobi(2^(M-1):2^M-1));
msize=length(mask);
r_hat=X-H*b_hat;
r_tilde=sqrt(N/m)*(r_hat-mean(r_hat))/sqrt(1-size(mask,2)/N);
G=zeros(1,msize); AIC=G; MDL=G;
for ii=1:msize,

ind=find(mask(ii,:)~=0);
Hm=H(:,ind);

b_hat_m=inv(Hm’*Hm)*Hm’*X;
X_hat=Hm*b_hat_m;
r_hat=X-X_hat;
r=r_hat-mean(r_hat);
r_hat1=(r_hat-mean(r_hat))/sqrt(1-length(ind)/N);
AIC(ii)=log(mean(r_hat1.^2))+2*(length(ind))/N;
MDL(ii)=log(mean(r_hat1.^2))+log(N)*(length(ind))/N;
SSE=zeros(1,B);
for b=1:B,

r_tilde_star=boot(N,r_tilde);
X_star=X_hat+r_tilde_star;
bstarm=inv(Hm’*Hm)*Hm’*X_star;
Xstar=Hm*bstarm;
SSE(b)=mean((X-Xstar).^2);

end;
G(ii)=mean(SSE);

end;

A1.9 Noise floor estimation

function noisefloor()
% This is an example of the estimation of the
% noise floor in Doppler radar using the trimmed mean

disp(’ ’)
disp(’This is an example of the optimal estimation of the’)
disp(’noise floor in OTHR using the trimmed mean.’)
disp(’ ’)
disp(’To determine the optimal trim we use the bootstrap.’)
disp(’ ’)
disp(’First, we simulate the target scenario using an AR model.’)
disp(’N=128;’)



A1.9 Noise floor estimation 171

disp(’X=sqrt(1/2)*randn(1,N)+sqrt(1/2)*randn(1,N)*i;’)
disp(’A=[1 -0.8334+0.6662i -1.0244-0.4031i 0.9036-0.2758i];’)
disp(’Y=filter(1,A,X);’)

N=128;
X=sqrt(1/2)*randn(1,N)+sqrt(1/2)*randn(1,N)*i;
%A=[1 -2.0033+0.6018i 1.0464-0.8632i -0.0290+0.2625i]; % no "target"
A=[1 -0.8334+0.6662i -1.0244-0.4031i 0.9036-0.2758i]; % with "target"
Y=filter(1,A,X);
Ixx=abs(fft(Y)).^2/N;h=2;
Cxx=fsmooth(Ixx,bartpriest(2*h+1),h);
figure;plot(-0.5:1/(N-1):0.5,10*log10(fftshift(Cxx)));hold on
maxyaxis=max(10*log10(Cxx))+3;minyaxis=min(10*log10(Cxx));
disp(’ ’)
disp(’Then we filter the clutter concentrated around zero-Doppler’)
disp(’and calculate, using the bootstrap, the optimal trimmed mean’)
disp(’of the noise floor’)

[Xwhite]=prewhite(Y);
Xwhite=Xwhite-mean(Xwhite);
disp(’ ’)
disp(’Please wait ....’)

B=100;h=2; N=length(X);step=5;
Ixx=abs(fft(X)).^2/N;
Cxx=fsmooth(Ixx,bartpriest(2*h+1),h);
epsilon=Ixx./Cxx;
epst=epsilon./mean(epsilon);
Cxx_matrix=zeros(N,B);
for ii=1:B,

eps_star=epst(fix(N*rand(N,1)+1));
Ixx_star=Cxx.*eps_star;
Cxx_matrix(:,ii)=(fsmooth(Ixx_star,bartpriest(2*h+1),h))’;

end;

alpha=0:step:N/4-step; %(from 0 to 25%)
beta=0:step:N/4-step; %(from 0 to 25%)
maxA=length(alpha);
maxB=length(beta);
var_vector=zeros(maxA,maxB);
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for ii=1:maxA,
for jj=1:maxB,

% the two sided trimmean function can be easily adapted
% from the Matlab trimmean.m available in the Statistical
% Toolbox
z=trimmeanB(Cxx_matrix,ii*200/N,jj*200/N);
var_vector(ii,jj)=var(z);

end;
end;

[m1,ind1]=min(var_vector);
[m2,ind2]=min(min(var_vector));
best=[ind1(ind2) ind2];
TMbest=trimmeanB(Cxx,best(1),best(2))
Cxx=fftshift(Cxx);minyaxis1=min(10*log10(Cxx));
if minyaxis1<minyaxis,

minyaxis=minyaxis1-3;
else

minyaxis=minyaxis-3
end;
plot(-0.5:1/(N-1):0.5,10*log10(Cxx),’k-.’)
plot(-0.5:1/(N-1):0.5,10*log10(TMbest)*ones(1,N),’r--’);
hold off
legend(’C_{XX}’,’C_{NN}’,’TM’)
xlabel(’Normalised Doppler Frequency’)
ylabel(’Power Spectrum [dB]’)
text(-0.43,20,’Target’)
axis([-0.5 0.5 minyaxis maxyaxis])

Several local functions are needed for the above example. They are:

function [C] = fsmooth(I,w,m)

if m==0,
C=I;

else,
s = sum(w); h = length(w);
if (h-1)/2~=m,error(’h~= 2m+1!’);end;
l = length(I); C = zeros(size(I));
for i=-m:m
C(max(1,1-i):min(l,l-i))=C(max(1,1-i):min(l,l-i))+...
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w(i+m+1)*I(max(i+1,1):min(l,l+i));
end;
C=C/s;

end;

function[w]=bartpriest(n)

if n==1, w=1;
else
w=2*3/4/n*(1-((0:(n-1)/2)/(n-1)*2).^2);
w=[floor((n)/2:-1:1) w]’;

end;

function[X_white]=prewhite(x,n);
% function[X_white]=prewhite(x,n);
%
% Prewhitening Filter
%
% x - time series - column vector
% n - filter order [def=10]
%
m=mean(x);
x=x(:)-m;
if exist(’n’)~=1, n=10; end;
if n<1, error(’The order of the filter must be > 0’), end;
a=th2poly(ar(x,n,’fb0’));
X_white=filter(a,1,x)+m;



Appendix 2

Bootstrap Matlab Toolbox

This appendix contains some of the Matlab† functions that were purposely
written for this book.

A2.1 Bootstrap Toolbox

Contents

bootmf.m Bootstrap matched filter
bootrsp.m Bootstrap resampling procedure (univariate)
bootrsp2.m Bootstrap resampling procedure (bivariate)
boottest.m Bootstrap hypothesis test (pivoted)
boottestnp.m Bootstrap hypothesis test (unpivoted)
boottestvs.m Bootstrap hypothesis test (variance stabilisation)
bpestcir.m Block bootstrap variance estimation
bpestdb.m Double block bootstrap variance estimation
bspecest.m Bootstrapping spectral density (residual method)
bspecest2.m Bootstrapping spectral density (double block)
confint.m Confidence interval estimator (percentile-t)
confintp.m Confidence interval estimator (bootstrap percentile)
confinth.m Confidence interval estimator (bootstrap hybrid)
jackest.m Jackknife estimator
jackrsp.m Jackknife resampling procedure
segmcirc.m Segment extraction in circular block bootstrap
segments.m Segment extraction in block of blocks bootstrap
smooth.m A running line smoother

† Matlab is a registered trademark of The MathWorks, Inc.
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bootmf.m

function [d] = bootmf(x,s,far,B,B1)
% d = bootmf(x,s,far);
%
% Inputs:
%
% x - observations under the model X(t)=s(t)+Z(t)
% where Z(t) is correlated interference and
% s(t) is a known signal;
% can be a matrix with each set of obs. in a column
% s - known signal [default=ones(size(x,1),1)]
% far - detector’s false alarm rate [default=0.01]
%
% Output:
%
% d - decision (0=signal absent, 1=signal present) for
% d(1), regression method
% d(2), pivot method
% d(3), MF
% d(4), CFAR MF

[n,MC]=size(x);
if ~(exist(’s’))

s=ones(n,1);
end
if ~(exist(’far’))

far=0.01;
end
%B=1e2; %number of bootstrap replications
%B1=25; %number of nested bootstrap replications
lsevec=s’/(s’*s); %vector for calculating LSE

%Estimate unknown parameters and signal
theta=lsevec*x;
shat=s*theta;

%Compute centred residuals
z=x-shat;
z=z-repmat(mean(z),n,1);

xboot=zeros(n,B);
thetaboot=zeros(MC,B);
Tboot=zeros(B,MC);
stdtheta=zeros(1,B);
T=zeros(1,MC);
for i=1:MC

xboot=shat(:,i(ones(1,B1)))+mbboot(z(:,i(ones(1,B1))));
T(i)=theta(i)./std(lsevec*xboot);
xboot=mbboot(z(:,i(ones(1,B))));
thetaboot(i,:)=lsevec*xboot;
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xboot=shat(:,i(ones(1,B)))+xboot;
thetahat=lsevec*xboot;
shatboot=s*thetahat;
zboot=xboot-shatboot;
zboot=zboot-repmat(mean(zboot),n,1);
for j=1:B
stdtheta(j)=std(lsevec*(shatboot(:,j(ones(1,B1)))+ ...

mbboot(zboot(:,j(ones(1,B1))))));
end
Tboot(:,i)=((thetahat-theta(i))./stdtheta)’;

end
thetaboot=thetaboot’;

d=zeros(4,MC);
d(1,:)=(sum(theta(ones(B,1),:)>thetaboot)/(B+1))>(1-far);
d(2,:)=((sum(T(ones(B,1),:)>Tboot)/(B+1))>(1-far));
d(3,:)=(theta>norminv(1-far,0,1/sqrt(s’*s)));
d(4,:)=(theta./std(z)>tinv(1-far,n-1)/sqrt(s’*s));

%%%%%%%%%%%%%%%%%%% LOCAL FUNCTION %%%%%%%%%%%%%%%%
function xboot=mbboot(x,m)
%Returns a moving block bootstrap resample
%xboot=mbboot(x,m);
%x, original samples, one sample per column
%m, block size [default=sqrt(length(x))]
%xboot, resamples for each column of x

[n,MC]=size(x);
if ~exist(’m’)

m=fix(sqrt(n));
end
xboot=zeros(n,MC);
nblocks=ceil(n/m);
x1=zeros(m*nblocks,1);
startidx=ceil((n-m+1)*rand(nblocks,MC));
m1=m-1;
k=1;
for i=1:MC

for j=1:m:n
x1(j:j+m1)=x(startidx(k):startidx(k)+m1,i);
k=k+1;

end
xboot(:,i)=x1(1:n);

end
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bootrsp.m

function[out]=bootrsp(in,B)
% out=bootrsp(in,B)
% Bootstrap resampling procedure.
% Inputs:
% in - input data
% B - number of bootstrap resamples (default B=1)
% Outputs:
% out - B bootstrap resamples of the input data
%
% For a vector input data of size [N,1], the resampling
% procedure produces a matrix of size [N,B] with columns
% being resamples of the input vector.
% For a matrix input data of size [N,M], the resampling
% procedure produces a 3D matrix of size [N,M,B] with
% out(:,:,i), i = 1,...,B, being a resample of the input
% matrix.
%
% Example:
%
% out=bootrsp(randn(10,1),10);

if (exist(’B’)~=1), B=1; end;
if (exist(’in’)~=1), error(’Provide input data’); end;

s=size(in);
if length(s)>2,

error(’Input data can be a vector or a 2D matrix only’);
end;
if min(s)==1,

out=in(ceil(max(s)*rand(max(s),B)));
else

out=in(ceil(s(1)*s(2)*rand(s(1),s(2),B)));
end;
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bootrsp2.m

function[out1,out2]=bootrsp2(in1,in2,B)
% [out1,out2]=bootrsp2(in1,in2,B)
% Bootstrap resampling procedure for bivariate data.
%
% Inputs:
% in1 - input data (first variate)
% in2 - input data (second variate). If in2 is not
% provided the function runs bootrsp.m by default.
% B - number of bootstrap resamples (default B=1)
% Outputs
% out1 - B bootstrap resamples of the first variate
% out2 - B bootstrap resamples of the second variate
%
% For a vector input data of size [N,1], the resampling
% procedure produces a matrix of size [N,B] with columns
% being resamples of the input vector.
%
% Example:
%
% [out1,out2]=bootrsp2(randn(10,1),randn(10,1),10);

if (exist(’B’)~=1), B=1; end;
if (exist(’in2’)~=1) & (exist(’in1’)==1),

out1=bootrsp(in1,B); out2=0;
return

end;
if (exist(’in1’)~=1), error(’Provide input data’); end;
s1=size(in1); s2=size(in2);

if length(s1)>2 | length(s2)>2,
error(’Input data can be vectors or 2D matrices only’);

end;

if any(s1-s2)~=0 & any(s1-fliplr(s2))~=0,
error(’Input vectors or matrices must be of the same size’)

end;
if s1==fliplr(s2),

in2=in2.’;
end;
if min(s1)==1,

ind=ceil(max(s1)*rand(max(s1),B));
out1=in1(ind); out2=in2(ind);

else
ind=ceil(s1(1)*s1(2)*rand(s1(1),s1(2),B));
out1=in1(ind);
out2=in2(ind);

end;
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boottest.m†
function[H]=boottest(x,statfun,vzero,type,alpha,B1,B2,varargin)
%
% D=boottest(x,statfun,v_0,type,alpha,B1,B2,PAR1,...)
%
% Hypothesis test for a characteristic (parameter) ’v’
% of an unknown distribution based on the bootstrap
% resampling procedure and pivoted test statistics
%
% Inputs:
% x - input vector data
% statfun - the estimator of the parameter given as a Matlab function
% v_0 - the value of ’v’ under the null hypothesis
% type - the type of hypothesis test.
%
% For type=1: H: v=v_0 against K: v~=v_0
% (two-sided hypothesis test)
% For type=2: H: v<=v_0 against K: v>v_0
% (one-sided hypothesis test)
% For type=3: H: v>=v_0 against K: v<v_0
% (one-sided hypothesis test)
% (default type=1)
% alpha - the level of the test (default alpha=0.05)
% B1 - number of bootstrap resamplings
% (default B1=99)
% B2 - number of bootstrap resamplings for variance
% estimation (nested bootstrap)
% (default B2=25)
% PAR1,... - other parameters than x to be passed to statfun
%
% Outputs:
% D - The output of the test.
% D=0: retain the null hypothesis
% D=1: reject the null hypothesis
%
% Example:
%
% D = boottest(randn(10,1),’mean’,0);

pstring=varargin;
if (exist(’B2’)~=1), B2=25; end;
if (exist(’B1’)~=1), B1=99; end;
if (exist(’alpha’)~=1), alpha=0.05; end;
if (exist(’type’)~=1), type=1; end;
if (exist(’vzero’)~=1),

error(’Provide the value of the parameter under the null hypothesis’);
end;

† This function requires bootstrp.m from the Matlab Statistical Toolbox
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x=x(:);
vhat=feval(statfun,x,pstring{:});
bstat=bootstrp(B2,statfun,x,pstring{:});

if type==1,
T=abs(vhat-vzero)./std(bstat);

else
T=(vhat-vzero)./std(bstat);

end;

[vhatstar,ind]=bootstrp(B1,statfun,x,pstring{:});
bstats=bootstrp(B2,statfun,x(ind),pstring{:});

M=ceil((B1+1)*(1-alpha));

if type==1,
tvec=abs(vhatstar-vhat)./std(bstats)’;
st=sort(tvec);
if T>st(M), H=1; else H=0; end;

elseif type==2,
tvec=(vhatstar-vhat)./std(bstats)’;
st=sort(tvec);
if T>st(M), H=1; else H=0; end;

elseif type==3,
tvec=(vhatstar-vhat)./std(bstats)’;
st=sort(tvec);
if T<st(M), H=1; else H=0; end;

end;
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boottestnp.m†
function[H]=boottestnp(x,statfun,vzero,type,alpha,B,varargin)
%
% D=boottestnp(x,statfun,v_0,type,alpha,B,PAR1,...)
%
% Hypothesis test for a characteristic (parameter) ’v’
% of an unknown distribution based on the bootstrap
% resampling procedure and unpivoted test statistics
%
% Inputs:
% x - input vector data
% statfun - the estimator of the parameter given as a Matlab function
% v_0 - the value of vartheta under the null hypothesis
% type - the type of hypothesis test.
%
% For type=1: H: v=v_0 against K: v~=v_0
% (two-sided hypothesis test)
% For type=2: H: v<=v_0 against K: v>v_0
% (one-sided hypothesis test)
% For type=3: H: v>=v_0 against K: v<v_0
% (one-sided hypothesis test)
% (default type=1)
% alpha - determines the level of the test
% (default alpha=0.05)
% B - number of bootstrap resamplings
% (default B1=99)
% PAR1,... - other parameters than x to be passed to statfun
%
% Outputs:
% D - The output of the test.
% D=0: retain the null hypothesis
% D=1: reject the null hypothesis
%
% Example:
%
% D = boottestnp(randn(10,1),’mean’,0);

pstring=varargin;
if (exist(’B’)~=1), B=99; end;
if (exist(’alpha’)~=1), alpha=0.05; end;
if (exist(’type’)~=1), type=1; end;
if (exist(’vzero’)~=1),

error(’Provide the value of the parameter under the null hypothesis’);
end;

x=x(:);
vhat=feval(statfun,x,pstring{:});

† This function requires bootstrp.m from the Matlab Statistical Toolbox
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if type==1,
T=abs(vhat-vzero);

else
T=vhat-vzero;

end;

[vhatstar,ind]=bootstrp(B,statfun,x,pstring{:});

M=floor((B+1)*(1-alpha));

if type==1,
tvec=abs(vhatstar-vhat);
st=sort(tvec);
if T>st(M), H=1; else H=0; end;

elseif type==2,
tvec=vhatstar-vhat;
st=sort(tvec);
if T>st(M), H=1; else H=0; end;

elseif type==3,
tvec=vhatstar-vhat;
st=sort(tvec);
if T<st(M), H=1; else H=0; end;

end;
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boottestvs.m†
function[H]=boottestvs(x,statfun,vzero,type,alpha,B1,B2,B3,varargin)
% D=boottestvs(x,statfun,v_0,type,alpha,B1,B2,B3,PAR1,...)
%
% Hypothesis test for a characteristic (parameter) ’v’
% of an unknown distribution based on the bootstrap
% resampling procedure and variance stabilisation (VS).
%
% Inputs:
% x - input vector data
% statfun - the estimator of the parameter given as a Matlab function
% v_0 - the value of vartheta under the null hypothesis
% type - the type of hypothesis test.
%
% For type=1: H: v=v_0 against K: v~=v_0
% (two-sided hypothesis test)
% For type=2: H: v<=v_0 against K: v>v_0
% (one-sided hypothesis test)
% For type=3: H: v>=v_0 against K: v<v_0
% (one-sided hypothesis test)
% (default type=1)
% alpha - determines the level of the test
% (default alpha=0.05)
% B1 - number of bootstrap resamplings for VS
% (default B1=100)
% B2 - number of bootstrap resamplings for VS
% (default B2=25)
% B3 - number of bootstrap resamplings
% (default B3=99)
% PAR1,... - other parameters than x to be passed to statfun
%
% Outputs:
% D - The output of the test.
% D=0: retain the null hypothesis
% D=1: reject the null hypothesis
%
% Example:
%
% D = boottestvs(randn(10,1),’mean’,0);

pstring=varargin;
if (exist(’B3’)~=1), B3=99; end;
if (exist(’B2’)~=1), B2=25; end;
if (exist(’B1’)~=1), B1=100; end;
if (exist(’alpha’)~=1), alpha=0.05; end;
if (exist(’type’)~=1), type=1; end;
if (exist(’vzero’)~=1),

error(’Provide the value of the parameter under the null hypothesis’);

† This function requires bootstrp.m from the Matlab Statistical Toolbox
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end;

x=x(:);
vhat=feval(statfun,x,pstring{:});

[vhatstar,ind]=bootstrp(B1,statfun,x,pstring{:});
bstats=bootstrp(B2,statfun,x(ind),pstring{:});
sigmastar2=var(bstats);

[statsort,sigmasort,sigmasm2]=smooth(vhatstar’,sigmastar2,B1/200);

a=statsort;
b=sigmasm2.^(-1/2);
h=zeros(1,B1);
h(1)=0;
for i=2:B1,

h(i)=h(i-1)+(a(i)-a(i-1))*(b(i)+b(i-1))/2;
end;

[vhatstar1,ind1]=bootstrp(B3,statfun,x,pstring{:});

ind=find(vhatstar1>=a(1) & vhatstar1<=a(B1));
ind1=find(vhatstar1<a(1));
ind2=find(vhatstar1>a(B1));
newv=vhatstar1(ind);
newvs=vhatstar1(ind1);
newvl=vhatstar1(ind2);
hvec(ind)=interp1(a,h,newv)’;
hvec(ind1)=(h(2)-h(1))/(a(2)-a(1))*(newvs-a(1))+h(1);
hvec(ind2)=(h(B1)-h(B1-1))/(a(B1)-a(B1-1))*(newvl-a(B1-1))+h(B1-1);

p=find(a>vhat);
if isempty(p)

hvhat=(h(B1)-h(B1-1))/(a(B1)-a(B1-1))*(vhat-a(B1-1))+h(B1-1);
elseif p(1)==1,

hvhat=(h(2)-h(1))/(a(2)-a(1))*(vhat-a(1))+h(1);
else

hvhat=interp1(a,h,vhat);
end;

p=find(a>vzero);
if isempty(p)

hvzero=(h(B1)-h(B1-1))/(a(B1)-a(B1-1))*(vzero-a(B1-1))+h(B1-1);
elseif p(1)==1,

hvzero=(h(2)-h(1))/(a(2)-a(1))*(vzero-a(1))+h(1);
else

hvzero=interp1(a,h,vzero);
end;
M=floor((B3+1)*(1-alpha));
if type==1,
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Tstar=abs(hvec-hvhat);
T=abs(hvhat-hvzero);
ST=sort(Tstar);
if T>ST(M), H=1; else H=0; end;

elseif type==2,
Tstar=(hvec-hvhat);
T=(hvhat-hvzero);
ST=sort(Tstar);
if T>ST(M), H=1; else H=0; end;

elseif type==3,
Tstar=(hvec-hvhat);
T=(hvhat-hvzero);
ST=sort(Tstar);
if T<ST(M), H=1; else H=0; end;

end;
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bpestcir.m

function[est,estvar]=bpestcir(x,estfun,L1,M1,Q1,L2,M2,Q2,B,varargin)
% [est,estvar]=bpestcir(X,estfun,L1,M1,Q1,L2,M2,Q2,B,PAR1,...)
%
% The program calculates the estimate and the variance
% of an estimator of a parameter from the input vector X.
% The algorithm is based on a circular block bootstrap
% and is suitable when the data are weakly correlated.
%
% Inputs:
% x - input vector data
% estfun - the estimator of the parameter given as a Matlab function
% L1 - number of elements in the first block (see "segmcirc.m")
% M1 - shift size in the first block
% Q1 - number of segments in the first block
% L2 - number of elements in the second block (see "segmcirc.m")
% M2 - shift size in the second block
% Q2 - number of segments in the second block
% B - number of bootstrap resamplings (default B=99)
% PAR1,... - other parameters than x to be passed to estfun
%
% Outputs:
% est - estimate of the parameter
% estvar - variance of the estimator
%
% Example:
%
% [est,estvar]=bpestcir(randn(1000,1),’mean’,50,50,50,10,10,10);

pstring=varargin;
if (exist(’B’)~=1), B=99; end;
x=x(:);
QL=segmcirc(x,L1,M1,Q1);
estm=feval(estfun,QL,pstring{:});
beta=segmcirc(estm,L2,M2,Q2);
ind=bootrsp(1:Q2,B);
Y=beta(ind);
estsm=mean(Y);
est=mean(estsm);
estvar=var(estsm);
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bpestdb.m

function[est,estvar]=bpestdb(x,estfun,L1,M1,L2,M2,B,varargin)
% [est,estvar]=bpestdb(X,estfun,L1,M1,L2,M2,B,PAR1,...)
%
% The program calculates the estimate and the variance
% of an estimator of a parameter from the input vector X.
% The algorithm is based on a double block bootstrap
% and is suitable when the data are weakly correlated.
%
% Inputs:
% x - input vector data
% estfun - the estimator of the parameter given as a Matlab function
% L1 - number of elements in the first block (see "segments.m")
% M1 - shift size in the first block
% L2 - number of elements in the second block (see "segments.m")
% M2 - shift size in the second block
% B - number of bootstrap resamplings (default B=99)
% PAR1,... - other parameters than x to be passed to estfun
%
% Outputs:
% est - estimate of the parameter
% estvar - variance of the estimator
%
% Example:
%
% [est,estvar]=bpestdb(randn(1000,1),’mean’,50,50,10,10);

pstring=varargin;
if (exist(’B’)~=1), B=99; end;
x=x(:);
[QL,Q]=segments(x,L1,M1);
estm=feval(estfun,QL,pstring{:});
[beta,q]=segments(estm,L2,M2);
ind=bootrsp(1:q,B);
Y=beta(ind);
estsm=mean(Y);
est=mean(estsm);
estvar=var(estsm);
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bspecest.m

function[Cxx_hat,f_low,f_up]=bspecest(X,h,kerneltype,alpha,B)
% function[Cxx_hat,f_low,f_up]=bspecest(X,h,kerneltype,alpha,B)
%
% The procedure for bootstrapping kernel spectral density
% estimates based on resampling from the periodogram of
% the original data.
% X - input data
% h - spectrum estimation bandwidth
% kerneltype - type of kernel
% alpha - 100(1-alpha)% confidence interval
% B - number of bootstrap resamplings
% Cxx_hat - spectral estimate
% f_low - lower confidence band
% f_up - upper confidence band

T=length(X);
Ixx=abs(fft(X)).^2/T/2/pi;
m=round((T*h-1)/2);
K=window(kerneltype,2*m+1);
K=K/sum(K);
Cxx_hat=ksde(Ixx,K);
epsilon=Ixx(1:floor(T/2))./Cxx_hat(1:floor(T/2));
epst=epsilon/mean(epsilon);
eps_star=bootrsp(epst,B);
Cxx_hat_star=zeros(T,B);
for b=1:B,

Ixx_star=Cxx_hat.*[eps_star(:,b); flipud(eps_star(:,b))];
Cxx_hat_star(:,b)=ksde(Ixx_star,K);

end;
baps=(Cxx_hat_star-Cxx_hat*ones(1,B))./(Cxx_hat*ones(1,B));
baps=sort(baps,2);
lo=floor(B*(1-alpha)/2);
up=B-lo+1;
f_lo=1./(1+baps(:,up)).*Cxx_hat;
f_up=1./(1+baps(:,lo)).*Cxx_hat;
%%%%%%%%%%%%%%%%%%%%%%% LOCAL FUNCTIONS %%%%%%%%%%%%%%%%%
function [Cxx]=ksde(Ixx,K,zm)
%KSDE Computes kernel spectral density estimate
%
% Inputs
% Ixx : periodogram
% K : kernel
% zm : if zm=1, Cxx(1)=0
%
% Outputs
% Cxx : kernel spectral density estimate
%
% Assumptions
% 1. Ixx(1) = 0
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% 2. 2M < T, where T is the number of observations
% 3. length(K) = 2M+1 is odd
% 4. sum(K) ~= 0

% If 2M >= T, then Ixx has to be concatenated to itself until
% it is longer than 2M, after which K must be zero padded to
% this new length T’ = T*floor((2M+1)/T)

if ~exist(’zm’), zm=0; end;

column=size(Ixx,1)>1;
Ixx=Ixx(:); K=K(:);

M=(length(K)-1)/2;
T=length(Ixx);

if zm, Ixx(1)=0; end;
if even(T), Ixx(T/2+1)=0; end; % special case
K(end+1:T)=0; % Pad to length T
% periodically convolve
Cxx=real(ifft(fft(Ixx).*fft(K)));
% adjust so that Cxx(1) corresponds to zero frequency
Cxx=[Cxx(M+1:end); Cxx(1:M)];
if zm, Cxx(1)=0; end; % return Cxx(1) to 0
% if T is even, Cxx(T/2+1) is the windowed average
% around T/2+1 ignoring T/2+1

% determine the correct scaling constant
mask=ones(T,1);
if zm, mask(1)=0; end;
if even(T), mask(T/2+1)=0; end;
scale=real(ifft(fft(mask).*fft(K)));
scale=[scale(M+1:end); scale(1:M)];

% scale by sum of window function
Cxx=Cxx./scale;

if ~column, Cxx=Cxx.’; end;
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
function [e]=even(x)

e = (rem(x,2)==0).*(x>0);
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bspecest2.m

function[TN,f_low,f_up]=bspecest2(X,M,L,b,h,alpha,k,B)
% function[TN,f_low,f_up]=bspecest2(X,M,L,b,h,alpha,k,B)
%
% The program calculates the bootstrap confidence Bands
% for Spectra of stationary weakly dependent time series
% (input vector X). The algorithm is based on a double
% block bootstrap.
%
% X - input vector
% M - number of elements in segments in the first block
% L - number of overlapping elements in the first block
% b - number of elements in segments in the second block
% h - number of overlapping elements in the second block
% alpha - 100(1-alpha)% confidence intervals
% k - number of bootstrap samples
% B - number of the Monte Carlo evaluations
%

P_star=zeros(b,k);
T_hat_star =zeros(M,B);
pr_star=zeros(M,B);
[s1,s2]=size(X);
if s1~=1,
error(’Input must be a vector’)

end;
[BiML,Q]=segments(X,2*M,2*L);
TiML=abs(fft(BiML)).^2/M/2;
TN=mean(TiML(1:M,:)’)’;
for w=1:M,
[BeJ,q]=segments(TiML(w,:),b,h);
for j=1:B,
ind=boot(k,1:q);
P_star(1:b,:)=BeJ(1:b,ind);
T_star=reshape(P_star,1,k*b);
T_hat_star(w,j)=mean(T_star);

end;
end;
for i=1:B,
pr_star(:,i)=(T_hat_star(:,i)-TN)./TN;

end;
Pr_sort=sort(pr_star’)’;
qlo=fix(B*alpha/2);
qup=B-qlo+1;
cL=Pr_sort(:,qlo);
cU=Pr_sort(:,qup);
f_low=(1+cL).*TN;
f_up=(1+cU).*TN;
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confint.m†
function[Lo,Up]=confint(x,statfun,alpha,B1,B2,varargin)
%
% [Lo,Up]=confint(x,statfun,alpha,B1,B2,PAR1,...)
%
% Confidence interval of the estimator of a parameter
% based on the bootstrap percentile-t method
%
% Inputs:
% x - input vector data
% statfun - the estimator of the parameter given as a Matlab function
% alpha - level of significance (default alpha=0.05)
% B1 - number of bootstrap resamplings (default B1=199)
% B2 - number of bootstrap resamplings for variance
% estimation (nested bootstrap) (default B2=25)
% PAR1,... - other parameters than x to be passed to statfun
%
% Outputs:
% Lo - The lower bound
% Up - The upper bound
%
% Example:
%
% [Lo,Up] = confint(randn(100,1),’mean’);

pstring=varargin;
if (exist(’B2’)~=1), B2=25; end;
if (exist(’B1’)~=1), B1=199; end;
if (exist(’alpha’)~=1), alpha=0.05; end;

x=x(:);
vhat=feval(statfun,x,pstring{:});
[vhatstar,ind]=bootstrp(B1,statfun,x,pstring{:});

if length(pstring)~=0,
if length(pstring{:})==length(x)

newpstring=pstring{:};
bstats=bootstrp(B2,statfun,x(ind),newpstring(ind));

else
bstats=bootstrp(B2,statfun,x(ind),pstring{:});

end;
else

bstats=bootstrp(B2,statfun,x(ind),pstring{:});
end;
bstat=bootstrp(B2,statfun,x,pstring{:});
sigma1=std(bstat);

q1=floor(B1*alpha*0.5);

† This function requires bootstrp.m from the Matlab Statistical Toolbox
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q2=B1-q1+1;
sigma=std(bstats)’;
tvec=(vhatstar-vhat)./sigma;
[st,ind]=sort(tvec);
lo=st(q1);
up=st(q2);
Lo=vhat-up*sigma1;
Up=vhat-lo*sigma1;
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confintp.m†
function[Lo,Up]=confintp(x,statfun,alpha,B1,varargin)
%
% [Lo,Up]=confintp(x,statfun,alpha,B1,PAR1,...)
%
% Confidence interval of the estimator of a parameter
% based on the bootstrap percentile method
%
% Inputs:
% x - input vector data
% statfun - the estimator of the parameter given as a Matlab function
% alpha - level of significance (default alpha=0.05)
% B1 - number of bootstrap resamplings (default B1=199)
% PAR1,... - other parameters than x to be passed to statfun
%
% Outputs:
% Lo - The lower bound
% Up - The upper bound
%
% Example:
%
% [Lo,Up] = confintp(randn(100,1),’mean’);

pstring=varargin;
if (exist(’B1’)~=1), B1=199; end;
if (exist(’alpha’)~=1), alpha=0.05; end;

x=x(:);
vhat=feval(statfun,x,pstring{:});
vhatstar=bootstrp(B1,statfun,x,pstring{:});

q1=floor(B1*alpha*0.5);
q2=B1-q1+1;
st=sort(vhatstar);
Lo=st(q1);
Up=st(q2);

† This function requires bootstrp.m from the Matlab Statistical Toolbox
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confinth.m†
function[Lo,Up]=confinh(x,statfun,alpha,B1,varargin)
%
% [Lo,Up]=confinh(x,statfun,alpha,B1,PAR1,...)
%
% Confidence interval of the estimator of a parameter
% based on the bootstrap hybrid method
%
% Inputs:
% x - input vector data
% statfun - the estimator of the parameter given as a Matlab function
% alpha - level of significance (default alpha=0.05)
% B1 - number of bootstrap resamplings (default B1=199)
% PAR1,... - other parameters than x to be passed to statfun
%
% Outputs:
% Lo - The lower bound
% Up - The upper bound
%
% Example:
%
% [Lo,Up] = confinth(randn(100,1),’mean’);

pstring=varargin;

if (exist(’B1’)~=1), B1=199; end;
if (exist(’alpha’)~=1), alpha=0.05; end;

x=x(:);
vhat=feval(statfun,x,pstring{:});
[vhatstar,ind]=bootstrp(B1,statfun,x,pstring{:});

q1=floor(B1*alpha*0.5);
q2=B1-q1+1;
tvec=vhatstar-vhat;
st=sort(tvec);
Lo=vhat-st(q2);
Up=vhat-st(q1);

† This function requires bootstrp.m from the Matlab Statistical Toolbox
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jackest.m

function[est,estall]=jackest(x,estfun,h,varargin)
% [est,estall]=jackest(x,estfun,h,PAR1,...)
%
% Parameter estimation based on the "Jackknife" procedure
%
% Inputs:
% x - input vector data
% estfun - the estimator of the parameter given as a Matlab function
% h - number of elements in a block that is to be deleted
% see jackrsp.m (defult h=1)
% PAR1,... - other parameters than x to be passed to estfun
%
% Outputs:
% est - the jackknifed estimate
% estall - the estimate based on the whole sample
%
% Example:
%
% [est,estall]=jackest(randn(10,1),’trimmean’,1,20);

pstring=varargin;
if (exist(’h’)~=1), h=1; end;
x=x(:);
N=length(x);
estall=feval(estfun,x,pstring{:});
esti=feval(estfun,jackrsp(x,h),pstring{:});
%keyboard
psv=N*estall-(N-1).*esti;
est=mean(psv);
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jackrsp.m

function[y]=jackrsp(x,h)
% y=jackrsp(x,h)
%
% The procedure known as a "Jackknife" forms a matrix of size
% (g-1)*h by g from the input vector x of length g*h. The
% input vector is first divided into "g" blocks of size "h".
% Each column of the matrix is formed by deleting a block
% from the input. The standard version of the Jackknife is
% when h=1.
%
% Inputs:
% x - input vector data
% h - number of elements in a block that is to be deleted
% (default h=1)
% Output:
% y - the output matrix of the data
%
% Example:
%
% y=jackrsp(randn(10,1));

if (exist(’h’)~=1), h=1; end;

x=x(:);
N=length(x);
g=N/h;
if rem(N,h)~=0,

error(’The length of the input vector must be divisible by h’)
return

end;
y=zeros((g-1)*h,g);
for ii=1:g,

y(:,ii)=x([1:ii*h-h ii*h+1:N]);
end;
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segmcirc.m

function[y]=segmcirc(x,L,M,Q)
% y=segmcirc(X,L,M,Q)
%
% Given the data samples X=(x_1,x_2,...,x_N),
% the program obtains Q overlapping (M<L) or
% non-overlapping (M>=L) segments, each of L samples
% in the form of a matrix "y" of L rows and Q columns.
% The data X_i is "wrapped" around in a circle, that is,
% define (for i>N) X_i=X_iN, where iN=i(mod N).
% _______________
% .....|_______L_______| .....
% .....|____M____|_______L_______| .....
% .....|___ M ___|___ M ___|______ L ______| .....
%
% The procedure is used for the circular block bootstrap.
%
% Inputs:
% X - input vector data
% L - number of elements in a segment
% M - shift size (i.e. L-M is the size of overlap)
% Q - number of desired segments
% Output:
% y - the output matrix of the data

x=x(:);
N=length(x);
y=zeros(L,Q);
Ny=Q*M+L-1;
Y=zeros(Ny,1);
r=0;
for ii=1:Ny,

Y(ii)=x(ii-rem(N*r,ii));
if ii/N==r+1,

r=r+1;
end;

end;
for ii=1:Q,

y(:,ii)=Y((ii-1)*M+1:(ii-1)*M+L);
end;
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segments.m

function[y,q]=segments(x,L,M)
% [y,Q]=segments(X,L,M)
%
% Given the data samples X=(x_1,x_2,...,x_N),
% the program obtains Q overlapping (M<L) or
% non-overlapping (M>=L) segments, each of L samples
% in the form of a matrix "y" of L rows and Q columns.
% _______________
% |______ L ______| .....
% |___ M ___|______ L ______| .....
% |___ M ___|___ M ___|______ L ______| .....
%
% The procedure is used for the block of blocks bootstrap.
%
% Inputs:
% X - input vector data
% L - number of elements in a segment
% M - shift size (i.e. L-M is the size of overlap)
% Output:
% y - the output matrix of the data
% Q - number of output segments

x=x(:);
N=length(x);
q=fix((N-L)/M)+1;
y=zeros(L,q);
for ii=1:q,

y(:,ii)=x((ii-1)*M+1:(ii-1)*M+L);
end;
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smooth.m

function [x_sort, y_sort, y_sm] = smooth(x, y, w)
% [x_sort, y_sort, y_sm] = smooth(x, y, w);
% A running line smoother that fits the data by linear
% least squares. Used to compute the variance stabilising
% transformation.
%
% Inputs:
% x - one or more columns of covariates
% y - one column of response for each column of covariate
% w - span, proportion of data in symmetric centred window
%
% Outputs:
% x_sort - sorted columns of x
% y_sort - values of y associated with x_sort
% y_sm - smoothed version of y
%
% Note: If inputs are row vectors, operation is carried out row-wise.

if any(size(x) ~= size(y))
error(’Input matrices must be the same length.’),

end

[nr,nc] = size(x);
n=nr;
if (nr==1) x=x’;y=y’;n=nc;nc=1; end
y_sm = zeros(n,nc);
[x_sort,order] = sort(x);
for i = 1:nc y_sort(:,i) = y(order(:,i),i); end
k = fix(w*n/2);

for i = 1:n
window = max(i-k,1):min(i+k,n);
xwin = x_sort(window,:);
ywin = y_sort(window,:);
xbar = mean(xwin);
ybar = mean(ywin);
copy = ones(length(window),1);
x_mc = xwin - copy*xbar; % mc = mean-corrected
y_mc = ywin - copy*ybar;
y_sm(i,:) = sum(x_mc.*y_mc)./sum(x_mc.*x_mc) .* (x_sort(i,:)-xbar) + ybar;

end

if (nr==1)
x_sort=x_sort’;y_sort=y_sort’;y_sm=y_sm’;

end
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Karlsson, S. and Löthgren, M. (2000). Computationally Efficient Double
Bootstrap Variance Estimation. Computational Statistics and Data Analysis,
33: 237–247, 2000.

Kawano, H. and Higuchi, T. (1995). The Bootstrap Method in Space Physics:
Error Estimation for the Minimum Variance Analysis. Geophysical Research
Letters, 22(3): 307–310.

Kay, S. M. (1993). Fundamentals of Statistical Signal Processing. Estimation
Theory, Volume I. Prentice Hall, Englewood Cliffs, New Jersey.

(1998). Fundamentals of Statistical Signal Processing. Detection Theory,
Volume II. Prentice Hall, Englewood Cliffs, New Jersey.

Kazakos, D. and Papantoni-Kazakos, P. (1990). Detection and Estimation.



208 References

Computer Science Press, New York.
Kendall, M. G. and Stuart, A. (1967). The Advanced Theory of Statistics. Charles

Griffin & Company, London.
Khatri, C. G. (1965). Classical Statistical Analysis based on Certain Multivariate

Complex Distributions. Annals of Mathematical Statistics. 36: 98–114, 1965.
Kijewski, T. and Kareem, A. (2002). On the Reliability of a Class of System

Identification Techniques: Insights from Bootstrap Theory. Structural Safety,
24: 261–280.

Kim, J. K. (2002). A Note on Approximate Bayesian Bootstrap Imputation.
Biometrika, 89(2): 470–477.

Kim, Y. and Singh, K. (1998). Sharpening Estimators Using Resampling. Journal
of Statistical Planning and Inference, 66: 121–146.

Knuth, D. E. (1981). The Art of Computer Programming. Addison-Wesley,
Reading, Mass.
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density, 38
confidence interval for flight parameter

estimators, 140, 141
confidence interval for the mean, 24, 27
confidence interval for the mean with
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determining the number of sources, 122
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Holm’s procedure, 123
hypothesis testing, 76
landmine detection, 148
linear model selection, 111
model order selection for Zernike
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model selection in nonlinear regression,

116
noise floor estimation, 154
order selection in an AR model, 118
pivotal method for detection, 85
regression based detection, 84
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tolerance interval bootstrap matched filter,

101
trimmed mean optimisation, 151
variance estimation, 35

bootstrap, 22
variance stabilisation, 50

applications
artificial neural networks, 8
biomedical engineering, 7
control, 8
corneal modelling, 154
detection of sources, 119
engine knock detection, 130

environmental engineering, 8
geophysics, 6
image processing, 7
landmine detection, 143
noise floor estimation, 147
passive acoustics, 136
radar and sonar, 6

asymptotic
bootstrap accuracy, 49
distribution of spectral density, 3
pivotality, 49

autoregressive models, 29, 33

bias
correction, 126
estimation, 19

bicoherence, 41
bispectrum, 41
bootstrap, 3, 4

block of blocks, 45
circular blocks, 30
convergence

sample mean, 17
sample mean, m dependent data, 32
standardised sample mean, 17
studentised sample mean, 18

distribution, 75
double block bootstrap, see bootstrap, block

of blocks
failure, 58
hypothesis test, see hypothesis test
limitations of, 57
model selection, see model selection
moving block, 29
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non-parametric bootstrap, 13
parametric bootstrap, 26
probability, 17
world of, 4

bootstrapping, see resampling

central limit theorem, 2
coherence gain, 56, 132
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confidence intervals, 2
coverage, 25
estimation, 22

dependent data resampling, see resampling
detection, 56, 62

consistency, 72
engine knock, 56, 130
Neyman–Pearson lemma, 67
number of sources, 119
radar, 63
robustness, 73
sources, 119
sub-optimal, 72

detrending, 110

empirical distribution, 12
estimators, 11

Fisher’s z-transform, 54

goodness-of-fit tests, 83

hypothesis test
level of significance, 66
log-likelihood ratio, 71
percentile-t, 77
power of, 66
principle of, 62
uniformly most powerful, 66

instantaneous frequency, 137

jackknife
bias estimates, 126
definition, 79

kernel spectral density, see periodogram,
smoothed

Kullback–Leibler information, 104

likelihood ratio, see hypothesis test,
log-likelihood ratio

matched filter
bootstrap matched filter, 93
CFAR matched filter, 94
consistency, 96
tolerance interval bootstrap, 99

maximum likelihood, 19, 34, 58, 72, 105
MDL, minimum description length, 104
MISO linear system, 85
model selection, 103

AIC, 104
bootstrap, 108
consistency, 110
linear models, 106
MDL, 104
nonlinear models, 114
prediction based, 107
principle, 105

Monte Carlo, 3, 12, 20
compared to bootstrap, 4

multiple hypothesis tests, 122
Bonferroni, 123
Holm’s procedure, 123

Neyman–Pearson criterion, 67, 72
null distribution, 120, 124

order selection, see model selection

periodogram, 2
smoothed, 3

pivotal statistic, 73, 76, 83
pivoting

limitations, 77
role of, 49, 73, 74

polynomial phase signal, 144
prediction, 103

model selection, 107
pseudo-random number generator, 17,
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quantiles
bootstrap estimates, 50

radar
ground penetrating, 143
over-the-horizon, 147

resampling, 12
balanced bootstrap, 60
bi-variate, 15
dependent data, 28
iid data, 14
multivariate, 15
new trends, 59
number of resamples, 14
principle, 11, 12
residuals, 35, 36, 41, 43, 61
Richardson extrapolation, 30
stationary bootstrap, 30
subsampling, 9, 15

sample, 11
space, 12

spectrum, 2
bandwidth of, 3
density of, 2

sphericity test, 119
strong mixing

definition of, 29
studentisation, 17, 18, 49

test statistic, 65
tolerance interval, 99
trimmed mean, 147

estimation, 149
optimisation, 150
variance of, 150

variance estimation, 21, 33
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weak dependence

assumption, 29
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Wishart distribution, 133

Zernike polynomials, 155
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